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Abstract

We develop a Bayesian framework for estimating beta-pricing models with traded
and nontraded factors, incorporating theory-implied pricing restrictions. The frame-
work enables model comparisons via marginal likelihoods, balancing in-sample fit
against model complexity and penalizing specifications that include weak factors.
Simulations confirm that this criterion avoids the overfitting bias of traditional
metrics such as cross-sectional R? and Hansen-Jagannathan distance. Our com-
parison approach provides new insights into how marginal likelihood evaluates
factor relevance. A factor with a zero risk premium can still improve model fit
if it enters with large loadings that help explain return dynamics. Conversely, a
factor with a nonzero risk premium may fail to improve model fit if its contribu-
tion to expected returns is insufficient to justify the added complexity. Empirically,
we evaluate each nontraded factor for its incremental contribution beyond bench-
mark traded factor models and find all tested nontraded factors weak. Revisiting
Kan, Robotti, and Shanken (2013, JF) and Kleibergen and Zhan (2020, JF), we find
the most supported model excludes all nontraded factors, and all consumption

measures are weak when controlling for the market factor.
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1 Introduction

Beta-pricing models explain cross-sectional differences in expected returns through
the exposure of assets to a set of underlying risk factors. Classical examples include
the Capital Asset Pricing Model (CAPM) and the multifactor models of Breeden et al.
(1989) and Fama and French (1993). These models have provided a theoretical foun-
dation that has guided advances in risk factor identification, risk premia estimation,
and empirical testing. Despite these achievements, identifying the relevant factors and
estimating their associated premia remain difficult tasks, particularly when weak fac-
tors, such as nontraded factors, are present (e.g., Kleibergen, 2009; Gospodinov et al.,
2019; Giglio et al., 2025). Two-step estimation procedures that first estimate factor load-
ings from time-series regressions and then recover risk premia from the cross-section
are especially vulnerable to weak factors. In addition, traditional methods for eval-
uating beta-pricing models, such as cross-sectional R? and the Hansen-Jagannathan
distance, suffer from an overfitting bias. These limitations motivate the need for a
unified framework that estimates factor loadings and risk premia in one step, permits
consistent model comparisons, and is robust to weak factors.

This paper aims to develop a unified estimation and model comparison frame-
work for the general class of beta-pricing models that contain traded and nontraded
factors. Our approach builds on Pastor and Stambaugh (2003) (equations 14-18),
where the cross-sectional restrictions, along with the restriction that the risk premia of
traded factors equal the mean, are embedded directly into the time-series (TS) model
of asset returns. This embedding yields a restricted TS specification in which the fac-
tor loadings and risk premia can be estimated in one step, ensuring that the model
estimates capture both the dynamic time-series behavior of returns and their cross-
sectional structure within a single coherent framework.

To compare beta-pricing models defined by different subsets of traded (T) and
nontraded (NT) factors, we supplement the restricted TS model with an auxiliary

model that governs the joint evolution of all available factors. This extension ensures



that the left-hand side of the TS regressions, asset returns, and factor realizations, re-
mains identical across models, enabling a fair comparison of specifications that differ
only in their pricing kernels. The likelihood function for each model then derives from
a coherent hierarchical generative process.

In our approach, we compare model variants using Bayesian marginal likeli-
hoods. The key advantage of this method is that it provides a principled trade-off be-
tween fit and complexity across different sets of traded (T) and nontraded (NT) factors.
Weak or spurious risk sources, which generate nearly constant or near-zero columns
in the loading matrix and lead to overparameterization, are automatically penalized
through the marginal likelihood. In addition, our framework offers new insights into
how factor relevance is evaluated. A factor with a zero risk premium can still enhance
model fit if it enters with large loadings that improve the explanation of return dynam-
ics. Conversely, a factor with a nonzero risk premium may fail to improve model fit
if its contribution to expected returns is too weak to justify the additional complexity.
Thus, unlike traditional approaches that assess factor relevance solely through cross-
sectional pricing performance or risk premia significance, our marginal likelihood-
based rankings account for both cross-sectional and time-series dynamics and model
complexity. In contrast, we show that criteria such as CSR? (which measures the abil-
ity of the model to explain variation in average returns) and HJD (which quantifies
pricing errors from moment conditions), implemented through the tests of Kan et al.
(2013) and Kan and Robotti (2009), tend to overfit.

A key motivation for our focus on model comparisons is the challenge posed by
weak factors. This can lead to unreliable risk premium estimates under standard meth-
ods such as two-pass regression, maximum likelihood estimation (MLE), and general-
ized method of moments (GMM). Prior studies have proposed statistical tools that are
designed to detect weak factors, including F'-tests that assess rank conditions (Kleiber-
gen and Zhan, 2020), as well as methods such as test asset selection (Giglio et al., 2025).
Rather than testing individual factors for significance, our model comparison frame-

work evaluates overall model fit in light of explanatory power and parsimony. In our



framework, models that contain such factors are automatically penalized by the ML
and screened out, effectively regularizing the estimation of risk premia. Because of the
concern over weak factors, we, therefore, stress model selection over Bayesian model
averaging (e.g., Avramov et al., 2023), favoring the identification of models that offer

better overall fit by accounting for both in-sample performance and model complex-

ity.!

Simulation confirms that our method can balance the model fitness and complex-
ity by excluding weak factors. We also conduct simulation exercises that evaluate risk
premia estimation in a correctly specified model and assess model comparison across
nearly 1,000 specifications. Under correct specification, our Bayesian risk premia esti-
mates exhibit bias and root mean square error (RMSE) comparable to those from the
two-pass weighted least squares (WLS) method. More importantly, the model that
maximizes the ML consistently identifies the true model in simulations that use em-
pirically calibrated parameters. In contrast, CSR? and HJD fail to distinguish the true
model from weaker alternatives, highlighting the limitations of conventional metrics
that do not account for model complexity and fit in a unified framework.

Our empirical analysis considers monthly U.S. equity data from 1985 to 2023
using a broad cross section of 302 equity portfolios that span industries and multi-
ple characteristics. We examine ten traded factors and eight nontraded factors. The
traded factors include the Fama-French five factors, augmented by UMD, BAB, QM],
IA, and ROE—factors that capture momentum, betting-against-beta, quality, invest-
ment, and profitability-related effects. The nontraded factors include industrial pro-
duction growth, equity market liquidity, long-term interest rates, M2 growth, durable
and nondurable consumption growth, the intermediary capital ratio, and presidential
approval ratings—variables that reflect macroeconomic and intermediary conditions
not directly traded in markets.

First, we assess each nontraded factor’s incremental contribution beyond bench-

mark traded-factor models using marginal likelihood (ML) and find all tested non-

'In our empirical studies, however, model selection and averaging are practically equivalent, as the
posterior probability of the top-selected model remains close to one.



traded factors to be weak. For example, while LTY and PCEDG slightly improve
the CAPM, their effects vanish against stronger benchmarks. Similarly, HKMcapital
modestly enhances the Fama-French five-factor (FF5) model but is insignificant rela-
tive to the all-traded-factor benchmark. Beyond these, no nontraded factors improve
any traded-factor benchmarks. The ML underperformance stems from weak beta es-
timates, with over two-thirds statistically indistinguishable from zero.

Second, out of all possible combinations, the optimal model includes only eight
traded factors, excluding all nontraded ones. The estimated risk premia of SMB,
HML, and UMD are insignificant within this eight-factor framework. However, they
do account for the time series. Despite the traded factor constraint, IA and ROE
are excluded, highlighting their limited marginal contribution within the beta-pricing
framework. The second-best model integrates ROE into the rank 1 model but shows
posterior betas insignificantly different from zero for two-thirds of test assets, sug-
gesting multicollinearity concerns. Consequently, it is excluded in favor of the rank
1 model. The third-best model incorporates a single nontraded factor, HKMcapital,
highlighting the weakness of most nontraded factors.

Third, we assess model performance using the out-of-sample tangency portfolio
of test assets. Leveraging the top-performing model’s implied mean and covariance
estimates for portfolio weights, the resulting tangency portfolio achieves superior out-
of-sample performance, with a higher Sharpe ratio and lower downside risk than all
other benchmark methods. These results highlight the economic significance of model
selection and estimation within our Bayesian framework.

Finally, although Kan et al. (2013) find the ICAPM as the best model (but does
not significantly dominate) among those evaluated, we find the Fama-French three-
factor (FF3) model delivers the highest ML. Extending the factor set to all 14 factors,
the FF3 remains optimal, with no significant contribution from additional nontraded
factors. Reevaluating the consumption-based model of Kleibergen and Zhan (2020),
we find that controlling for the market factor substantially weakens all consumption

measures.



Related literature. Our study contributes to the extensive literature that evaluates the
statistical performance of factor models. Gibbons, Ross, and Shanken (1989, hence-
forth GRS test) develops a framework that links the Sharpe ratio of the factor-efficient
portfolio to cross-sectional pricing errors. More recently, Fama and French (2018)
proposed a maximum squared Sharpe ratio metric that serves as a measure of over-
all model performance, while Barillas et al. (2020) examined differences in squared
Sharpe ratios that help discriminate between competing models. Kan et al. (2024) ex-
tends this line of work by introducing methods that account for estimation risk in
Sharpe ratio comparisons. Furthermore, Lewellen et al. (2010) critique the reliance on
CSR? and propose refinements to empirical tests to improve inference and robustness.
Key suggestions include expanding the set of test assets, imposing theory-consistent
constraints, adopting GLS over OLS, and reporting confidence intervals that reflect es-
timation uncertainty. Our approach incorporates these recommendations by adopting
a Bayesian model comparison framework that improves upon traditional beta-pricing
tests by evaluating models based on ML, which jointly account for fit and complexity
and help guard against overparameterization.

There is also considerable literature that develops Bayesian methods for compar-
ing factor models, primarily in the context of traded factor structures. This includes
studies that evaluate model fit and risk premia through Bayesian frameworks, such as
Avramov and Chao (2006), Barillas and Shanken (2018), Chib, Zeng, and Zhao (2020),
Chib and Zeng (2020), Avramov, Cheng, Metzker, and Voigt (2023), and Chib, Zhao,
and Zhou (2024). The approach of Allena (2020) addresses nontraded factors but re-
lies on mimicking portfolios that introduce approximation error into the analysis. Re-
cently, Cong et al. (2023), Feng et al. (2024), and Bie et al. (2024) propose panel tree
methods that maximize marginal likelihood, enabling heterogeneous model selection
across cross-sectional and time-series dimensions.

Finally, this paper advances the literature on estimating factor risk premia. Two-
pass regression methods yield estimates that are prone to bias when factors are weak

(e.g., Kan and Zhang, 1999; Kleibergen, 2009). To address this issue, Gospodinov et al.



(2019) develop a maximum likelihood estimation approach that accommodates beta-
pricing models under potential misspecification. Recently, Giglio et al. (2025) pro-
posed supervised principal component analysis to recover risk premia associated with
weak factors. While these methods represent significant advancements, they lack a
unified model selection and estimation framework. This paper addresses this by in-
troducing a systematic approach to evaluate a broad set of models, identifying the
ones most consistent with the data. An econometric alternative is the sparse fused
GMM developed by Cui et al. (2024), which estimates the conditional SDF moment
condition through a structure that promotes time-varying sparse factor models.

The paper is organized as follows. Section 2 details the methodology. Section 3
presents simulation results. Section 4 highlights key empirical findings. In Section
5, we revisit the model comparison in Kan et al. (2013) and the consumption-based

model analysis in Kleibergen and Zhan (2020). Finally, Section 6 concludes.

2 Methodology

2.1 Model Set Up

This section describes the joint time series and cross-section model for the vec-
tor of excess returns r; : n x 1. We start from the stochastic discount factor (SDF)
framework in Chib and Zeng (2020), and extend it to include both traded and non-
traded factors, where we use superscript 7 to denote traded factors (the market and
zero-investment returns) and 7 for nontraded factors (innovations in macroeconomic
variables). We assume that the distributions for factors and returns are normal and

take the stationary form
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This implies that the marginal distribution of factors is
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where

f tT NT X Xr.NT
fi= NS , Xy =
tNT MNT YNt XNT

and that the return distribution conditional on the factors is given by
rt’ftT> tNT ~ N (“r + Er,fzjjl(ft - “’f)> Er - Er,fz];lzf,r) (1)

where 3, ; = (X, X, n7). Now assuming that these factors are in the SDF M;, we

suppose, following Hansen and Jagannathan (1997), that M, is given by
My =1=XNZ7H(fi — py) )

where A = (AT, AMT). Under the no-arbitrage condition, the traded factors and the

returns should be priced by the SDF, which generates the pricing restrictions:
E[M,fI'1=0, E[Mr)]=0
From the first of these pricing restrictions, we can derive the restriction that
ul = AT
The algebra for showing this is straightforward:
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The rest follow by using the formula for the inverse of a block matrix, multiplying it,
and setting the expression to zero.

The second pricing condition can be used to show (again by elementary algebra)



that

[y :BA:BTAT—’—BNT)\NT:BT[J,T—FBNTANT

where B = ¥ f,TZf is the loading matrix. Plugging this restriction into equation 1, we

get that
rl f5 YT~ N(BYTANT £ BT 4 BYT(FNT — M), 8, — 3, 51 )
So the return conditional on the factors takes the following restricted linear form:
ro = BYNTANT 4 BTfT + BNT(fNT — pNT) + ey, e, ~ N(0,5,). (3)
where ¥, = ¥, — X, fZJTIE #.r- If we also suppose that
N = N g, u ~ N(0,%) (4)

we have a model in which all parameters can be estimated jointly in a single step. More-
over, we can estimate the market prices of factor risks, ;'\, from this joint model.

It should be noted that if there is only one NT factor, this restricted beta-pricing
model reduces to the formulation in Pastor and Stambaugh (2003).

In practice, one needs an approach to select which factors to include in the beta
pricing model. However, the model as written cannot be used for searching over the
space of factors. The reason is that as f'" changes, the identity of the left-hand side
variables changes. This variation implies that the models cannot be compared using a
common likelihood scale. To address this issue and enable valid comparisons across
competing specifications, we augment the return model with a factor model defined

over the full set of factors. Specifically, the model we estimate is given by:

RETURN MODEL r, = BYTANT + BT £l + BN (N — pNT) + e -
FACTOR MODEL fi=p+w ©
where f = (fu, fio) : (kT + k3) x 1, fi1 is the full set of traded factors, f;, is the full
set of nontraded factors, and f! and fN7 are the subset of traded and nontraded fac-
tors, respectively, in the RETURN MODEL, and the first kT elements of p in the FACTOR

MODEL equal A”.

This joint model can be viewed as a hierarchical model. The full factor set is gener-



ated by the FACTOR MODEL, while returns are modeled by the RETURN MODEL using
a subset of f;. These models are linked via the parameter "7, which corresponds to
a subset of the last k3 elements of u. Together, they enable parameter estimation and
guide the selection of the most relevant factors from f; to explain returns.

Under our assumption that factors and returns are normally distributed, the in-
novations follow

€e; ~ N(O, Ze), Uy ~ N(O, Eu)

where, to simplify estimation, we assume that ¥, = diag(ci,...,02) is a diagonal ma-
trix and 3, is a full covariance matrix. The diagonality assumption facilitates com-
putation in settings with a large number of assets (Avramov and Chordia, 2006). It is
also not a binding constraint in practice, as the covariance matrix of residual returns,
after accounting for the effects of the factors, tends to be sparse, as illustrated in Figure
IA.1. Moreover, simulation studies in which we generate data based on the full error
covariance structure observed in the real data, reported in Table IA 4, show that model

selection remains unaffected under the diagonal assumption.

Special cases. Two special cases can be mentioned. If the model only has NT factors,

then our model simplifies to:
r, = BNT)\NT +BNT( tNT o MNT) + e, (6)

which corresponds to Equation (14.209) in Cochrane (2009). When there are only
traded factors, we get:

Ty = BTfI;T + €;. (7)
which corresponds to Equation (14.202) in Cochrane (2009).

2.2 Prior Specification

Since we focus on comparing alternative beta pricing models, we impose the con-
dition that the model-specific priors are proper, integrating to one over the parameter
space. Additionally, in formulating the priors, we ensure that differences in marginal

likelihood reflect genuine model fit rather than variations in prior specifications. Fi-
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nally, we choose priors that are minimally subjective, requiring little user input while
maintaining robustness in inference.

To achieve these objectives, we construct our model-specific prior by utilizing an
initial portion of the data, referred to as the training sample, to calibrate the hyperpa-
rameters of each prior distribution (Greenberg, 2012). As a default setting, this train-
ing sample spans 15% of the total sample period, encompassing 7y = 70 observations
in total in our main empirical analysis, denoted as [Ry, Fy], where F, = [F{, F)'T].
The training sample is primarily used to determine the mean of the prior distribu-
tion, while the dispersion is predominantly governed by training sample information
and user-specified hyperparameters that are set with the aim of ensuring sufficient
uncertainty regarding the central location. The training sample is excluded from the
estimation and model comparison stages to avoid the double use of the data.

Let the parameters of the baseline model be

0= (B X2, 5,n), B=(B..5,)" (8)

Our prior for p is given by:
o~ N(MO’ M0)>

where

_ 4
wo=Fy,, M,= TO(FO — 1, p0) (Fo — 1, pa).

The factor of 4 in this expression is a user-specified hyperparameter to widen the dis-
tribution around the training sample mean.

For each column of B we suppose that

/Bi ~ N(ﬁ()iv BOi)?

where

Boi = (X'X) "' X'ry;, X =[1g, F),

r0; is the ith column of Ry,

By, = 405, (FyFy) ™',
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and o, is the residual variance in the time series regression of r(; on Fj.
Prior distribution for the risk premia of nontraded factors is obtained by taking
the prior mean p, and prior mean B, and fitting the model r, — B f' — BYT(fN* —

pd™) = BNTANT + e, on the training sample data to give
AT~ NS, ET)

Next, the prior of o; are

where

Veoi = 2(6?/8? +2), Oeoi = 261'(6?/8? +1),

and e; is i'" residual from the regression r, = BNTANT + BL T — BYNT(fNT — ud ™) +e,
on the training sample data and s? is the estimated ith residual variance from this

regression. Finally, the prior for X, is

Eu ~ IW(pu,07 Qu,0)7

where

Quo=(F —1p,u))(F —17,180),  puo = To.

In summary, the training sample prior distribution leverages a sequential Bayesian
learning framework to automate the prior specification process. It encodes beliefs
about parameter values as of November 1990, preceding the estimation period, and
centers the prior distribution accordingly. To account for uncertainty, it inflates the
variances and covariances. A key advantage of this approach is its adaptability to the
model, ensuring that the priors are consistent and comparable across specifications.
Moreover, eliminating the need for manual inputs enables the efficient estimation and

comparison of multiple models with minimal effort.
2.3 MCMC Simulation Algorithm

We sample the posterior distribution via Markov Chain Monte Carlo (MCMC)

methods, within a framework encompassing traded and nontraded factors. The pos-

12



terior distribution of model parameters, conditional on observed data fort =1,...,T,
is proportional to the product of the likelihood function and the prior distribution. The
likelihood for the return model is specified as:

T
p(’rt | ft*,BT,BNT,ANT,Ee) — HN (Tt | BT‘f;T + BNTANT 4 BNT( tJVT . HNT)yze) ’

t=1

where X, = diag(o?,...,02), and the factor model likelihood is

T
p(f 12 = [[N(F | 1. B0).
t=1

The posterior distribution is proportional to the product of the two likelihoods and the
prior on the parameters:

p(BT7 BNT7 ANT? l‘l'7 Eea EU)‘

We employ MCMC methods to sample from the resulting posterior distribution.
Specifically, given the remaining parameters, we sequentially sample from the condi-
tional distributions of parameter blocks to construct a Markov chain whose invariant
distribution corresponds to the posterior distribution (Chib, 2001). The conditional
distributions for these parameter blocks are derived based on the following formula-

tions of the joint model. For updating B and X. we write the joint model as
Ty — B_ft + ey,

where

. fr
— , 9
fi ftNT N L ANT ®)

from which the conditional posterior distributions of B and X. can be derived by

)\NT

Bayesian results for multivariate regression models. For updating we rewrite the

full model now as

r: — Bft + BNT/.,LNT = BNTANT + e;.

For updating . we write the joint model as

r, — BNTANT _ Bft _ _BNT“NT _|_ et, (10)
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and

ft* :IJ’+’u’t7

and then derive the conditional posterior of p in two steps, first with the return model
likelihood and then with the factor model likelihood. Finally, updating 3, takes place
easily using the factor model. The steps in the algorithm are summarized below with

full details in Appendix A.L

Algorithm MCMC Sampling with Parameter Expressions

1. Initialize parameters: Set 6 = (B© £ ANTO) 5 ,,(0))
2: forg =1tong+ M do

3:  Step1: Fori=1toi=n,sample Bz(gﬂ) | B ANT(@9) 29 @)~ N (B\i(g), B(g))
4 Step 2: Fori = 1toi = n,sample 0% | B@t) ANT@ 5 1,9 ~ IG (z/e(f), (52?)
5. Step 3: Sample AN | BltD) 19D 5(0) @) o A (XNT(Q), LNT(Q))

6 Step 4: Sample p+!) | Bl @D ANT+) 2 o A7 (g@, D§9>>

7. Step 5: Sample XY | Blat) wlot) ANT@+1) (a1 o 7YY (ngg), ng;,))

8: end for
9: After burn-in, use samples {6}, to estimate the posterior distribution.

Thus far, we have developed a model incorporating both traded and nontraded
factors. Appendix A.Il outlines a special case of this MCMC algorithm for the specifi-
cation with nontraded factors only (e.g., CCAPM in Breeden et al. (1989)). In Appendix
ALIII we detail another special case of this MCMC algorithm for the specification with
traded factors only (e.g., CAPM).

2.4 Marginal Likelihood

Our primary objective in this empirical study is not solely to estimate a single
model but also to comprehensively compare multiple competing models. In the Bayesian
framework, alternative models are evaluated using posterior odds based on the ob-
served data. The posterior odds provide a quantitative measure of the relative support

the data offers for each competing model. Let p; = Pr(M;) denote the prior probability
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assigned to model M. The posterior odds between model M, and M, are

PY(Mi ’ y1:T) _ pi m(?JLT \ Mz)
Pr(My | yir)  prm(yur | Mkz)’

where the ML is defined as the integral of the likelihood function with respect to the

prior density

m(yer | M]) = / .p(ylzT ‘ G,Mj)ﬂ'(e | Mj)de

9;

We calculate the ML by the method of Chib (1995).

When prior odds across models are set to one, as assumed here, the posterior odds
is equal to the ratio of ML (Bayes Factor), making ML the central criterion for model
evaluation. Importantly, the ML criterion does not inherently favor more complex
models, mitigating the risk of overfitting. In this context, the role of our training sam-
ple priors is crucial. As previously discussed, these priors adapt to each model, ensur-
ing that no model is inadvertently favored — a concern arises when manually specify-
ing priors over a model space comprising thousands of candidate models. Moreover,
ML rankings possess strong theoretical properties. As the sample size increases, the
model with the highest ML converges to the true model with probability approach-
ing one, or to the closest approximation when all competing models are misspecified
(Chib et al., 2018). Further details on the computation of ML are provided in Appendix
Al

2.5 Alternative Estimation Methods

This section reviews several traditional standard methods to estimate the beta-
pricing model, but mostly overlooks the traded factor constraint. Let R = [ry, 73, ..., 77/,
in the standard two-pass regression, a CS regression is run of the sample mean of re-
turn R on B to estimate A in the second pass (Kan et al., 2013). Given the weighting

matrix W, the A can be estimated as:
A= (BWB)"'BWR.
For OLS, the weighting matrix W is the identity matrix. In GLS, W is set as the inverse

of the residual covariance matrix in the initial pass. However, estimating the inverse
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covariance matrix can be computationally challenging when the number of test assets
is large. A practical alternative is the WLS estimator, where W is the inverse of the
diagonal elements of the residual covariance matrix.When the test asset count is large
in simulations and empirical tests, we opt for WLS over GLS.

Beyond two-pass regression, another approach to estimating the beta-pricing model
is MLE (Ang et al., 2020). We combine the TS and CS models into a single likelihood to
derive the MLE. The CS regression can be viewed as a restriction on the TS regression.
By imposing the pricing restriction in the CS model and taking expectations within the
time-series model, then substituting in the TS model, we get the restricted TS model

(Cochrane, 2009, Equation 14.209),
r, = BA+ B(f, — E[f)]) + e, (11)

For MLE, an auxiliary statistical model in the errors and factors that are i.i.d. normal

and uncorrelated with each other, is introduced:
fi = E(fi) +w,

€, >
~N|o0,
Uy 0V

Then, the likelihood function is given by

1 ZT 1 ZT
/ -1 / —1
L x —5 - etE €; — 5 - ’U/tV Uy

A more general approach to estimating is GMM, which relaxes the independent
and identical distribution assumption of returns. Rewrite TS and CS models into mo-
ment conditions (Cochrane, 2009, equation 12.188):

E(r,—a— Bf)
gr= | E[(ry—a—Bf,)® f] |- (12)
E(R— BX)
GMM solves the minimization of grW gr for some weighting matrix. An explicit ex-
ample of GMM estimation under the general model with traded and nontraded factors

and traded factor constraint is given in Pastor and Stambaugh (2003) with liquidity as

16



the only nontraded factor.

Model comparison. For beta-pricing models, the most commonly used performance

measure is CSR?, which is calculated as follows,
eWe

RP=1-
e,Wey

., e=R—BX, e =[Iy— 151 \W1ly) '1\W|R

where the weighting matrix W depends on the estimation method.

Another widely used method is the HJD (Hansen and Jagannathan, 1997; Kan
and Robotti, 2009) metric, computed via the two-stage GMM-SDF framework. Let the
covariance matrix between R and F be C, and the demeaned factor F be F. The
SDF loading is defined as b = (C'C)"'C’'R. The estimated normalized SDF is m =
1 — Fb, with residuals Rm. The squared HJD is E(Rm)'E(Rm)/N?, normalized by
the number of test assets N. However, CSR? and HJD share a key limitation: larger

models weakly dominate smaller ones in fit.

3 Simulation

This section assesses the finite-sample performance of our Bayesian estimators
via Monte Carlo simulations. We conduct three experiments: Section 3.1 evaluates risk
premia estimation under the correctly specified model. Section 3.2 explores nontraded
factors under weak identification. Section 3.3 compares model performance across

factor sets. All parameters are calibrated using the true data described in Section 4.1.
3.1 Simulation under Correctly Specified Model

The primary focus of the beta-pricing model is the estimation of risk premia. Be-
fore the model comparison part, we examine whether our model can give compara-
ble estimation results under the correctly specified true model with traditional ap-

proaches. We first simulate factors from:
fi=p+w, w~N(0OX,)

The p and X, are the mean and covariance of the empirical factor data. f, = [f7, f7],

where f7 contains 6 commonly used traded factors MktRf, SMB, HML, RMW, CMA,
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and UMD, while f¥* contains two nontraded factors: durable consumption expen-
diture (PCEDG) and intermediary capital ratio (HKMcapital). We then simulate the

asset returns from the following model:
o= BNTANT 4 BT T | BNT(FNT _ NTY 4o e o (0,5,

where r; contains 100 Fama-French sorted portfolios (first 100 portfolios described in
Section 4.1). The factor loadings B = [B” B""] and the diagonal residual covariance
3. are calculated from OLS regression of these 100 portfolios on the 8 factors with
intercept. The risk premia of nontraded factors AN is set as (0.002, 0.003), comparable
with that of traded factors. The sample period 7" exactly matches the empirical data,
which is 468 months.

Table 1: Simulation Evidence: Estimation under Correctly Specified Model

This table presents simulation results for the Correctly Specified model. The analysis incorporates 8
factors — 6 traded and 2 nontraded. Parameters are calibrated using true test assets and factors. The
table reports bias and RMSE for WLS and Bayesian estimation, both with and without the traded factor
constraint (NC). Results are based on 1,000 simulations and expressed in percentages.

WLS bias Bayes bias BayesNC bias WLSRMSE Bayes RMSE BayesNC RMSE

Traded Factors

MktRf -0.0014 -0.0034 0.1684 0.2091 0.2172 0.2772
SMB 0.0043 -0.0005 0.0384 0.1392 0.1450 0.1503
HML 0.0065 -0.0095 -0.0375 0.1432 0.1492 0.1556
RMW -0.0101 -0.0045 -0.0416 0.1193 0.1200 0.1296
CMA -0.0001 0.0005 -0.0341 0.0999 0.0986 0.1101
UMD -0.0289 0.0008 -0.0563 0.2309 0.2268 0.2482
Nontraded Factors
PCEDG -0.0652 -0.0674 -0.0525 0.2236 0.2257 0.2264
HKMcapital 0.0496 0.0306 0.2158 0.3421 0.3468 0.4170

Results from table 1 are based on 1,000 simulations.” Table IA.3 in the appendix
presents rejection frequencies for the null hypothesis Hy : A = Ayye. The column
“BayesNC” denotes our Bayesian estimation without the traded factor constraint. Al-
though Bayesian estimation uses a training sample and is inherently slightly more

biased than WLS, the constrained Bayes estimate achieves bias and RMSE comparable

2To reduce training sample bias, we use only 10% of the data and set a large prior hyperparameter
(50).
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to WLS across all factors. However, omitting the constraint leads to divergence from
theory-implied values for traded factors, increasing bias and RMSE, underscoring the
importance of the traded factor constraint. Nontraded factors are also affected; for

instance, in the case of HKMcapital, BayesNC exhibits notably higher bias.
3.2 Simulation with Weak Factors

Weak factor problems are common in beta-pricing tests. Traditional two-pass
methods produce invalid inferences when factors are weak. Our approach addresses
this by excluding models with weak or irrelevant factors through marginal likelihood
comparisons. Models with weak factors yield lower marginal likelihoods, despite risk
premia appearing statistically significant. Such significance is misleading, as it does
not improve pricing performance. Thus, weak factors are unlikely components of the
correctly specified model, and their estimated risk premia are spurious.

We demonstrate in Section 3.1 that our estimate matches or surpasses WLS under
the correct model specification. However, what if the factor is weak, particularly for
nontraded factors? We conducted an additional simulation to test the model under
a weak factor, where the beta is significantly smaller than the calibrated value. We
still use the calibrated parameter set [u, 3,,, B, X.] as described in Section 3.1 and each
time simulate 7 factors that correspond to FF6 plus one nontraded factor (each column
in Table 2). The sample period 7' aligns with the empirical data, which equals 468
months. We derive returns from the 7-factor model and vary the beta scale using a

parameter w.
r, = wBNTANT 4 BT 1+ wBNT (N — ™) + e, e ~ N(0,%,)

We multiply the w on the parameter of nontraded factors” calibrated beta to measure
weakness in the corresponding simulation run. A smaller w means weaker, with a
much smaller beta. We also consider different lambdas to check how the weak factor
and strength of risk premia jointly affect the ML.

Table 2 reports results in two panels: Panel A sets the nontraded factor’s risk

premium to zero, while Panel B sets it to 0.01. Within each panel, three levels of factor
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Table 2: Simulation Evidence: Evaluating Weak Factors

This table reports the log BF' (Bayes Factor), which denotes the log marginal likelihood difference be-
tween the traded-factor-only model and the model augmented with one nontraded factor. The baseline
model incorporates six traded factors. Each column augments the baseline with a distinct nontraded
factor, while each panel corresponds to varying levels of risk premia, parameterized by weakness (w).
Lower w indicates a smaller beta. Parameters are calibrated using true test assets and factors, with
results averaged over 100 simulations.

log BFF log BF log BFF logBF logBF logBF log BF log BF

IndProd LIQ LTY M2 PCEDG PCEND HKMcapital PEAR

Panel A: A =0
w=10 10966 8787 10493 8052 5594 12329 14315 5045
w=1 103 34 80 20 -37 146 182 -49
w=0.1 -121 -121 -122 -123 -125 -122 -118 -123

Panel B: A =0.01

w=10 16763 8874 10654 21735 6055 17452 14005 5236
w=1 311 36 86 555 -33 344 180 -43
w=0.1 -121 -123 -123 -120 -121 -120 -120 -123

weakness are considered. A weakness level of 1 corresponds to the original calibrated
beta, while 0.1 reduces beta to 1% of its original value, making it ten times smaller.
We calibrate and evaluate nontraded factors individually from empirical data, each
represented by a column. The log Bayes Factor (log BF) measures the difference in
log ML between the FF6 model augmented with the nontraded factor and the baseline
FF6 model. A positive log BF indicates that including the nontraded factor improves
pricing by increasing ML relative to the FF6 model.

Table 2 presents consistent findings: when the nontraded factor is sufficiently
strong (w > 1), the model incorporating it (except for PCEDG and PEAR, whose cali-
brated B is weak) achieves a higher ML than the FF6-only model. This shows that a
factor with zero risk premia can still enhance model fit if it has large betas. While it
does not aid in explaining the cross section, it contributes to explaining the time series.
However, as the factor weakens (w < 1), its ML falls below that of the FF6 model, de-
spite the nontraded factor being part of the true data-generating process, even with a
nonzero risk premium. This suggests that a factor with nonzero risk premia may not

enhance ML if it is weak. The contribution of such a factor is offset by the penalty for
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including a weak factor.

Table 3: Simulation Evidence: Evaluating Constant-Loading Factors

This table reports the marginal likelihood of different models. The baseline model incorporates six
traded factors. Different panels indicate different levels of risk premium . Different columns indicated
different model specifications with Constant-Loading (CL) factors. Parameters are calibrated using true
test assets and factors, with results averaged over 100 simulations.

CLF, +CLF, NoCLF CLF, CLF,

Panel A: A =0

120570 118844 118859 120646
Panel B: A =0.01

120561 118696 118824 120636

Another type of weak factor, referred to as a Constant-Loading (CL) factor, arises
when B lacks sufficient cross-sectional variation. While a single CL factor is allowed
(with the zero-beta rate given), issues may occur when there are at least two such
factors. We show in Table 3 that we can effectively detect the case of more than one CL
factor, and choose the model with only one CL factor (whose B is large enough). We
simulate 8 factors that correspond to FF6 plus IndProd and LIQ, similarly to Section
3.1, but we name the two nontraded factors CLF since we will set the loadings of these

two nontraded factors to be constant. The return is generated from
r, :BNT)\NT—FBTftT—i—BNT( tNT_HNT)+et7 e NN(O, Ee>

, where fYT = [CLF,,, CLF,,]". CLF; and CLF; have the same loading Bcir, = Bcrr, =
0.1 for all test assets. In that case, the true B matrix has reduced rank. Table 3 reports
the ML of different models; all have six benchmark traded factors as in the above weak
factor settings but differ in nontraded factors. No CLF stands for six traded factors
only. Each panel corresponds to a distinct risk premium A level. No matter whether
the X is zero or large (0.01), the model with two CLFs underperforms the model with
only CLF,, achieving a lower ML, indicating that scenarios with more than one CL
factor are detectable and will be dominated by the model with only one CL factor.
Since our model allows for one CL factor, the model with only CLF; and the model

with only CLF, outperform the model with no CL factors.
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3.3 Simulation for Model Comparison

Having shown that our approach effectively excludes weak factors by comparing
models with and without them, we now focus on identifying the optimal model from
a set of candidate factors. In our framework, varying factor sets produce distinct mod-
els, leading to different risk premia estimates for the same factor. Including redundant
models is uninformative and may lead to errors under potential misspecification. We
simulate and evaluate models within the specified factor set to address this.

We simulate factors and returns as in Section 3.1, but with more factors and a sin-
gle combination generating returns. The factor set includes MktRf, SMB, HML, RMW,
CMA, UMD, and several nontraded factors such as liquidity (LIQ), presidential eco-
nomic approval rating (PEAR), nondurable consumption expenditure (PCEND), and
intermediary capital ratio (HKMcapital). The true return-generating model comprises
MktRf, SMB, HML, and HKMcapital, yielding (2° — 1)(2*) = 1008 model specifica-
tions. Factors excluded from the true model are weak or irrelevant, implying B = 0.
The sample period 7" matches the empirical data. We compute ML for all models, OLS
and GLS CSR?, and HJD.

We simulate 100 times, reporting the average log marginal likelihood, OLS GLS
CSR?, model rank by ML, and HJD across 100 runs. Additionally, we present the ML
and average rank without the traded factor constraint (NC). Table 4 lists the top 10
models under the constraint, ranked by average ML. Only ML with the constraint cor-
rectly identifies the true model as top-ranked, with all other models” ML significantly
lower. While CSR? rises with additional factors, the improvement is modest, rendering
it unreliable for model selection. Consistent with CSR?, adding factors reduces HJD.
An average rank of 1 demonstrates that ML robustly identifies the true model among
nearly 1,000 candidates when strong factors are present across 100 simulations. Perfor-
mance deteriorates sharply without the traded factor constraint, with the true model
only achieving an average rank of 9. In this case, marginal likelihood instead selects
FF3 as the top model, underscoring the critical role of the traded factor constraint.

It is noteworthy that not all traded factors must be incorporated into the model,
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Table 4: Simulation Evidence: Model Comparison under Marginal Likelihood

This table summarizes simulation results for 1008 model specifications with 10 factors: 6 traded and
4 nontraded. The true DGP is a four-factor model (MktRf, SMB, HML, HKMcapital), with parameters
calibrated to the true test assets and factors. Reported metrics include log marginal likelihood, cross-
sectional R? (%), average model rank by marginal likelihood, and Hansen-Jagannathan distance (HJD
%). NC denotes the Bayesian model without traded factor constraints. Simulations are repeated 100

times.

Top 10 marginal likelihood models logML 1ogMLNC rank rankNC CSR* HJD
MktRf+SMB+HML+HKMcapital 55306.7 55451.7 1.0 9.3 62.4 0.0169
MktRf+SMB+HML+CMA+HKMcapital 552457  55512.0 45 4.6 63.2 0.0166
MktRf+SMB+HML+RMW+HKMCcapital 552457 555215 4.3 3.0 63.1 0.0166
MktRf+SMB+HML+UMD+HKMcapital 552454 555194 45 3.4 63.2  0.0166
MktRf+SMB+HML+PEAR+HKMcapital 55244.6  55497.1 48 6.6 63.3  0.0166
MktRf+SMB+HML+PCEND+HKMcapital 552441 555022 48 6.1 63.2 0.0167
MktRf+SMB+HML+Liq+HKMcapital 552441 55519.7 48 3.3 63.4  0.0165
MktRf+SMB+HML 55216.3 556789 8.8 1.0 479 0.0201

MktRf+SMB+HML+CMA+UMD+HKMcapital 55184.3  55413.6  16.0 18.8 64.0 0.0163
MktRf+SMB+HML+RMW+CMA+HKMcapital 551842  55420.5  16.0 15.1 63.8 0.0163

as evidenced by simulation results. We generate six traded factors with risk premia
aligned to their respective factor means. Factors irrelevant to pricing are omitted, un-
derscoring a key insight: the method effectively filters out weak nontraded and weak
traded factors. Within this framework, three traded factors exhibit zero betas and are
naturally classified as weak, which the top-performing model excludes.

Table IA.4 in the Internet Appendix presents a robustness check on the return
covariance matrix. Specifically, we relax the diagonal assumption in the true data-
generating process (DGP) by using the full covariance matrix to simulate returns,
while maintaining the diagonal assumption in estimation. The results show that this
misspecification does not affect model comparison: the true model is consistently

identified as the top-ranked model in the simulations, as reported in Table IA 4.

4 Empirical Performance

This section summarizes our main findings. Section 4.1 introduces the data. Sec-
tion 4.2 examines each nontraded factor. Section 4.3 presents model comparisons
across all factor combinations. Section 4.4 provides an out-of-sample evaluation for

the factor model implied investment performance.
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4.1 Data

Our analysis considers a large cross section of test assets, 302 equity portfolios
from Ken French’s website. It consists of 25 portfolios sorted by size and book-to-
market ratio, 17 industry portfolios, 25 portfolios sorted by operating profitability and
investment, 25 portfolios sorted by size and variance, 35 portfolios sorted by size and
net issuance, 25 portfolios sorted by size and accruals, 25 portfolios sorted by size
and beta, 25 portfolios sorted by size and momentum, 25 portfolios sorted by size
and operating profitability, 25 portfolios sorted by size and investment, 25 portfolios
sorted by size and short-term reversal, and 25 portfolios sorted by size and long-term
reversal. The sample ranges from January 1985 to December 2023.

We analyze 10 widely used traded factors: MktRf, SMB, HML, CMA, RMW,
UMD, BAB, QM]J, IA, and ROE. The first six factors are sourced from Ken French’s
website, BAB and QM] from AQR'’s website, and the final two from the global-q web-
site. Additionally, we include 8 nontraded factors proposed in the literature: IndProd,
LIQ, LTY, M2, PCEDG, PCEND, HKMcapital, and PEAR.”

Nontraded factors are typically represented by AR (autoregressive) model inno-
vations rather than the raw factors (e.g., see Chen et al., 1986). For LIQ and HKMcap-
ital, we directly retrieve data from the authors” websites. As these series are already
processed as AR innovations in their respective studies, we use them without modi-
fication. For consumption growth factors like PCEDG and PCEND, we compute real
per capita growth rates using population and CPI data from FRED, which is consistent
with the literature (e.g., Yogo, 2006). For other level-based factors sourced from FRED
or PEAR, we estimate AR(1) models to extract innovations as nontraded factors. Table

IA.2 provides detailed definitions.

3Incorporating additional factors often renders exploring an extensive model space redundant. The
initial set captures most traded factors, while many nontraded factors add limited explanatory power.
For traded factors, as in Chib et al. (2024), one can exclude those priced by the eight-factor model and
apply principal component analysis (PCA) to the residuals. Similarly, for nontraded factors, PCA can
be applied to large sets (e.g., Giglio et al., 2025).
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Table 5: Evaluation of Single Nontraded Factors

The table presents estimation results for individual nontraded factors, controlling for three bench-
mark traded factor models: CAPM, FF5, and All (FF6 + BAB + QM] + IA + ROE). Panel A reports
Bayesian estimates, while Panel B provides WLS results. The third row of each model in Panel A is log
BF, representing the log marginal likelihood difference between the traded-factor-only model and the
traded-factor-plus-one-nontraded-factor model. Mimicking portfolio estimates are shown in Panel C.
95% confidence (credible) intervals are in parentheses. The confidence interval for WLS is based on the
Fama-Macbeth standard error.

IndProd LIQ LTY M2 PCEDG PCEND HKMcapital PEAR

Panel A: Bayes

-0.68 4.57 1.36 -0.38 0.82 -0.70 1.78 -3.68
CAPM [-0.83,-0.53] [3.56,5.56] [0.74,1.96] [-0.45,-0.32] [0.50,1.13] [-0.84,-0.56] [1.13,2.36] [-4.24,-3.09]

-424 -308 405 -312 340 -300 1291 -22

0.07 -1.43 0.46 0.16 -1.10 -0.07 0.67 0.40
FF5 [-0.06,0.20] [-2.31,-0.52] [-0.43,1.34] [0.09,0.24] [-1.63,-0.55] [-0.21,0.07] [-0.03,1.35] [-1.05,1.69]

-332 -251 -351 -427 -122 -184 1 -239

-0.04 -2.48 2.98 0.15 1.31 -0.25 1.50 2.52
All [-0.17,0.09] [-3.51,-1.45] [2.153.75] [0.08,0.22] [0.45,1.99] [-0.40,-0.11] [0.76,2.24] [ 1.55,3.40]

-257 -261 -174 -350 -130 -162 -111 -182

Panel B: WLS

CAPM -0.11 1.06 -0.62 -0.19 -0.54 -0.32 1.47 -3.91
[-0.27,0.05] [-1.00,3.12] [-2.77,1.53] [-0.38,0.00] [-1.91,0.83] [-0.60,-0.05] [0.55,2.40] [-6.06,-1.75]

FF5 0.04 -0.81 -0.54 0.07 -0.61 -0.06 0.30 -0.13
[-0.11,0.20]  [-1.91,0.29] [-1.78,0.71] [-0.03,0.18] [-1.37,0.15] [-0.24,0.11] [-0.57,1.18] [-1.17,0.91]

All -0.03 -0.83 0.51 0.08 -0.15 -0.13 0.93 0.53
[-0.17,0.12]  [-1.83,0.18] [-0.56,1.59] [0.00,0.17] [-0.84,0.55] [-0.29,0.03] [0.09,1.77] [-0.31,1.37]

Panel C: Mimicking
Mimicking -0.20 0.02 -0.46 0.01 0.10 -0.07 1.42 0.47

[-0.27,-0.12] [-0.46,049] [-0.97,0.06] [-0.03,0.04] [-0.13,0.32] [-0.150.02] [0.83,2.02]  [0.16,0.79]

4.2 Testing Individual Nontraded Factors

Before evaluating all the factors of interest as a full set, we first assess the weak-
ness of each nontraded factor while controlling for different sets of traded factors.
Specifically, we analyze three benchmark traded factor models: CAPM, FF5, and All
traded factors (All). Panel A of table 5 presents the estimated risk premia, 95% credible
interval, and log BF for each nontraded factor. For instance, the first row provides the
estimated risk premium, while the second row shows the 95 % credible interval. The
third row of “log BF” indicates the difference in logML between two models with and
without that nontraded factor. For example, for IndProd under MktRf control, log BF
less than zero means that the model includes both MktRf and IndProd under-performs

the model with only MktRf, while the full set of factors includes both MktRf and In-
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dProd. Panel B gives the estimation of WLS, and Panel C is the mimicking portfolio

estimate with a 95% confidence interval in parentheses.

IndProd (244) Lig (265)

0 100 200 300 0 100 200 300
LTY (225) M2_SA (253)
0.10
0.05
0.00
-0.05
8
2-0.10 .
S 0 100 200 300 0 100 200 300
S PCEDG (280) PCEND (243)
o 0.2
g
0.1
0.0
-0.1
-0.2 .
0 100 200 300 0 100 200 300
HKMcapital (233) PEAR (278)

0 100 200 300 ' 0 100 200 300
Test Assets

Figure 1: Posterior Cross-sectional Beta for Each Nontraded Factor
This figure shows the posterior beta for each nontraded factor in Table 5 (last row of Panel A) under All
traded factor control along with its 95% credible interval, represented by the grey shaded area. Beta is
cross-sectionally sorted in ascending order. The number of betas for each factor that is not significantly
different from 0 is in parentheses.

IndProd, LIQ, M2, PCEND, and PEAR seem the least effective of all the nontraded
factors, as they consistently fall short compared to the pure traded factor models across
all evaluation benchmarks. LTY and PCEDG marginally enhance the CAPM, but the
contribution diminishes in the remaining benchmark cases. Out of 8 nontraded fac-

tors, HKMcapital seems to be the most prominent. Its risk premium estimate is rela-
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tively significant and aligns closely with the WLS estimate and the mimicking portfo-
lio. It is the only nontraded factor that improves the FF5 benchmark; however, it still
lacks relevance compared to all traded factors. This suggests that, while it performs
better than other weaker nontraded factors, it may still not be considered conclusively
useful. Most of these factors show significant risk premia estimates, but these results
are likely spurious due to their inherent weaknesses.

To highlight factor weaknesses, Figure 1 shows the cross-sectional posterior BN
(last row of Panel A, Table 5) with 95% credible intervals. The number of BN7 esti-
mates not significantly different from zero is in parentheses. Among 302 test assets,
over 200 BN are insignificant for all eight nontraded factors, ranging from 225 for LTY
to 280 for PCEDG. Although some factors, like M2, show cross-sectional variation in
BNT | their credible intervals remain wide. These results confirm the spurious nature
of risk premia estimates in Table 5. With such weak betas, identifying risk premia is
difficult. The next section offers a comprehensive comparison of these factors.

Table 6: Top 5 Models Ranked by Marginal Likelihood

This table reports the top 5 models from all possible combinations of 18 factors, out of all possible
combinations of 18 factors. The log marginal likelihood, Cross-Sectional R? (%), Hansen-Jagannathan
Distance (HJD), and model probability are presented.

Rank  Top 5 Model logML CSR?* HJD  Prob

1 MktRf + SMB + HML + RMW + CMA + UMD + 322024 49.03 0.0071 1
BAB + QM]

2 MktRf + SMB + HML + RMW + CMA + UMD + 322008 49.68  0.0071 0
BAB + QM] + ROE

3 MktRf + SMB + HML + RMW + CMA + UMD + 321905 49.10  0.0071 0
BAB + QM] + HKMcapital

4 MktRf + SMB + HML + RMW + CMA + UMD + 321895 49.74  0.0071 0
BAB + QM] + ROE + HKMcapital

5 MktRf + SMB + HML + RMW + CMA + UMD + 321891 49.10  0.0071 0
BAB + QM] + PCEDG

4.3 Joint Model Comparison

The previous section shows that most nontraded factors barely contribute. We

now compare all possible model combinations, considering 10 traded and 8 nontraded
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factors. CAPM serves as the baseline, with the market factor always included, as ex-
cluding MktRf is hard to justify given a broad cross section of test assets (though this
constraint can be relaxed). This yields 2'” models for evaluation.

Table 6 reports the top 5 marginal likelihood models, the CSR? and HJD.* Unsur-
prisingly, the top model includes only traded factors, which aligns with the findings
from the previous section. However, not all traded factors are selected—for instance,
IA and ROE are excluded. Imposing the traded factor constraint does not guarantee
their selection. The CSR? is 49.03%, which is not the highest, while the HJD is 0.0071,
almost the same among the top 5 models. Adding more factors will increase CSR?, al-
though the increase is typically only about 0.5%. Tables IA.6 and IA.7 in the appendix
provide robustness checks of different hyperparameters in the training sample, and
the top model remains the same.

To see how the resulting model is excluded by ML, we take the rank 2 model as
an example since it only adds one factor, ROE, into the rank 1 model. Figure 2 plots
the cross-sectional posterior B and the 95% credible intervals for each factor in the
rank 2 model, with the number of betas that is not significantly different from zero in
parentheses. Figure IA.2 in the Internet Appendix gives the plot for the rank 1 model.
The market factor is exceptionally strong, with all B significantly different from zero.
The remaining 7 factors in the rank 1 model are weaker but at least have about half of
B different from zero out of 302 test assets. The ROE, which is excluded from the rank
1 model, has a significantly larger proportion of B values—over two-thirds—that are
not significantly different from zero. This results in overparameterization, leading to
a penalty in the ML, thus being excluded from the rank 1 model.

Panel A of Table 7 shows the estimation of risk premia in the rank 1 models.
The rows provide the posterior mean, standard deviation, and credible intervals for

the Bayesian approach, along with the mean, standard error, and confidence intervals

“We compute the model probability in the final column. We assign equal prior probabilities with-

out a reason to favor one model ex-ante. The posterior probability of model M is P(M | Data) =
ML(Data|M)P (M)

21" ML(Data| M) P(M,)

substantially higher ML, it effectively dominates with a probability of 1 (rounded to six decimal places).

Thus, model averaging reduces to selecting the top model.

. We apply model averaging as in Avramov et al. (2023). Given the top model’s
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Figure 2: Posterior Cross-sectional Beta in the Rank 2 Model

This figure shows the posterior beta for each factor in the rank 2 model in Table 6 along with its 95%
credible interval, represented by the grey shaded area. Beta is cross-sectionally sorted in ascending
order. The number of betas for each factor that is not significantly different from 0 is in parentheses.
for WLS and mimicking portfolio estimates. Since there are no nontraded factors,
the risk premia estimates for the eight traded factors are closely aligned with their
means. Five factors are significant in Bayesian estimation, while four are significant
under WLS and mimicking portfolio estimation. Although not all selected factors are
significant, as discussed earlier, significance is not guaranteed. However, all selected
factors contribute to explaining the time-series variation, with sufficient loadings, as
shown in Figure IA.2 in the Internet Appendix. Panel B presents the risk price (v)
estimates in the rank 1 model. MktRf, CMA, BAB, and QM] not only exhibit significant
risk premia but also demonstrate significant SDF loadings.

Figure 3 presents factor selection frequencies across the top 10, 20, and 30 mod-

els, emphasizing their relative significance. Traded factors like MktRf, SMB, and HML
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Table 7: Risk Premia and Risk Price Estimation in Rank 1 Model

Panel A of this table presents the risk premia estimates for the top-performing model (see table 6) among
all combinations of 18 factors. Estimates are reported using Bayesian, WLS, and mimicking portfolio
approaches. For Bayesian estimation, we provide the posterior mean, standard deviation, and the 95%
credible interval (lower and upper bounds). For WLS and mimicking portfolios, we report the mean,
Fama-Macbeth standard error, and 95% confidence interval. Panel B presents the Bayesian estimation

of risk price. All values are expressed in percentage terms.

MktRf SMB HML RMW CMA UMD BAB QM]

Panel A: Risk Premia

Bayes
postmean 074 010 015 040 021 041 079 045
postsd 022 014 014 011 010 021 017 0.2
lower 031 -017 -013 0.9 0.02 -003 045 021
upper 116 036 042 061 040 083 111 0.67
WLS
mean 077 010 014 031 015 048 045 0.24
std.err 021 014 015 013 011 021 022 014
lower 03 -018 -016 006 -006 006 0.01 -0.03
upper 118 037 044 055 036 090 089 051
Mimicking
mean 080 009 010 042 022 046 020 028
std.err 021 014 015 011 010 021 016 0.12
lower 039 -017 -019 0.19 003 005 -0.12 0.06
upper 121 036 038 064 042 087 052 051

Panel B: Bayes Risk Price

postmean 1020 456 -236 442 910 -082 547 19.88

postsd 1.54 199 244 3.70 3.56 140 172 397
lower 7.35 059 -721 -11.83 226 -355 218 1211
upper 1333 846 218 288 1638 179 888 27.68

consistently dominate, appearing in nearly all top 30 models, underscoring their ro-
bust explanatory power. In contrast, ROE and IA exhibit low selection rates, with
IA included even less often than some nontraded factors. Among nontraded factors,
HKMcapital achieves the highest inclusion rate, slightly outperforming others. Con-
versely, LIQ and M2 show minimal inclusion, indicating limited relevance. These re-
sults highlight the stronger explanatory power of traded factors relative to nontraded

factors within the beta-pricing framework.
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Figure 3: Factor Selection Count
This figure presents a bar plot illustrating the frequency of factor selection among the top 10, 20, and 30
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models derived from all possible combinations of 18 factors.

4.4 Factor Model Implied Investment Performance

By selecting the optimal model from a set of candidate factor specifications, we
evaluate its role in constructing the tangency portfolio for a comprehensive set of test
assets. A distinctive strength of our framework is its ability to estimate the model-
implied expected returns and the covariance matrix within the context of the cho-
sen optimal asset pricing factor model. Our approach leverages Bayesian model es-
timation, seamlessly incorporating parameter and model uncertainty into estimating
model-implied expected returns and the covariance matrix. These elements are pivotal
for robust portfolio construction (e.g., Feng and He, 2022).

We split the sample period into an in-sample (INS) period (first half) and an out-
of-sample (OOS) period (remaining months). For each model estimation, including
top models, CAPM, FF3, FF5, and all-factor models, the expected return implied by
the selected model is computed as p, = Blu”, AVT] (or pan = BA for WLS). The

inverse covariance matrix is given by:

Yo =S1-Y'BX '+ BY'B)'B'S

tan e
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Table 8: Out-of-Sample Model Performance

Panel A reports annualized Sharpe Ratios (SR) and maximum drawdown (MDD) for tangency portfo-
lios derived from seven factor models, using out-of-sample (OOS) observations. Portfolio weights are
estimated via Bayes and WLS methods. Weights are computed once using in-sample (INS) data (first
half) and applied to OOS returns. Test assets include all test portfolios. Panel B summarizes results for
equal-weighted and mean-variance efficient portfolios.

Panel A : Model-implied

Bayes SR WLSSR Bayes MDD WLS MDD

Rank1 0.983 0.600 0.231 0.428
Rank2 0.975 0.613 0.246 0.407
Rank3 0.878 0.588 0.307 0.445
CAPM 0.568 0.568 0.482 0.482
FF3 0.650 0.559 0.428 0.437
FF5 0.883 0.796 0.256 0.246
ALL 0.749 0.813 0.560 0.384
Panel B: EW and MVE
EWSR MVE SR EWMDD MVE MDD
0.526 0.566 0.491 0.472

where X ! is diagonal. This approach leverages the factor covariance structure to
avoid inverting high-dimensional matrices. The tangency portfolio weights are de-
rived as 1?;%% Model estimation is conducted on INS data, while OOS data is
used to construct portfolios based on these weights. Performance is assessed using
OOS tangency portfolio Sharpe ratios.

Table 8 presents model performance based on Sharpe Ratios of tangency portfo-
lios derived from test assets for both Bayes and WLS frameworks. The rank 1, rank
2, and rank 3 models are detailed in Table 6. Panel A summarizes results for various
factor models used to estimate portfolio weights, which are then applied to construct
tangency portfolios. The weights are estimated from the initial half of the data and ap-
plied to the rest of the OOS return. Panel B reports the OOS results for equal-weighted
(EW) and mean-variance efficient (MVE) portfolios. For MVE, we employ the diagonal
covariance matrix of in-sample returns to ensure invertibility.

Considering the Bayesian results, the top model demonstrates superior tangency

portfolio weights, achieving annualized Sharpe Ratios of 0.983. It substantially out-
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performs standard CAPM, FF3, and FF5 models. Notably, incorporating additional
factors, as indicated in the “ALL” row, does not improve performance. Moreover, it
significantly surpasses equal-weighted and mean-variance efficient portfolios, which
yield OOS annualized Sharpe Ratios of 0.526 and 0.566, respectively. In contrast, WLS
results favor all factors, yet their Sharpe Ratios remain below those of the Bayesian top
model. These findings highlight the robustness of our Bayesian framework for model
comparison and estimation.

Assessing the downside risk of the tangency portfolio is essential. Table 8 also
reports the maximum drawdown (MDD) for the constant-weight tangency portfolios.

MDD over any overlapping one-year period is defined as:

MDD = max (Y;l — Y;JQ), s.t. |t2 — tl‘ < 12,

1<t1<t2<T
where Y;, and Y}, represent cumulative log returns from month 0 to ¢; and ¢,, respec-
tively, with a maximum span of 12 months. The results show that the top-performing
model under Bayesian estimation attains the lowest MDD, consistently outperform-
ing the WLS, EW, and MVE benchmarks while reducing downside risk. Results for
the FF25 and 17 Industry portfolios appear in the Internet Appendix in Tables IA.8
and IA.9. The rank-2 model performs best for FF25, whereas the all-factor model leads
for IND17. However, the rank-1 model still remains the second-best out-of-sample
performer for both subsets. Overall, the out-of-sample results confirm that models se-
lected via our Bayesian ML framework deliver superior economic explanatory power
for test asset returns, as reflected in improved model-implied mean and covariance

estimates for tangency portfolio construction.

5 Revisiting CSR* Measure and Consumption-based Models

5.1 Revisiting CSR? Measure in Kan, Robotti, and Shanken (2013)

Kan, Robotti, and Shanken (2013) assess asset pricing performance using CSR?
and derive its asymptotic distribution. They find that many large CSR? differences lack

statistical significance. We reexamine their findings through our framework. There
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are eight models®: CAPM, Conditional CAPM (C-LAB) of Jagannathan and Wang
(1996), FF3, ICAPM of Petkova (2006), unconditional consumption model (CCAPM),
CC-CAY of Lettau and Ludvigson (2001), U-CCAPM of Parker and Julliard (2005), and
D-CCAPM of Yogo (2006). There are 14 factors: two models with traded factors, three
with nontraded factors, and three combining both.

We employ the dataset from the original study, covering February 1959 to July
2007, as described in Appendix IA.L.1. Table 9 reports estimation results, logMLs, and
CSR? for these 8 models.® When the zero-beta rate is fixed at the risk-free rate, we
analyze excess returns following Kan et al. (2013). Consistent with their approach, the
reported CSR? is the uncentered measure under the specified zero-beta rate.” The OLS

and GLS estimates, along with CSR?, exactly align with their results.”

vw (0) term (28) def (16)

Posterior Beta

10 20
Test Assets

Figure 4: Posterior Cross-sectional Beta for ICAPM in Kan et al. (2013)
This figure shows the posterior beta for ICAPM in Table 9 along with its 95% credible interval, repre-
sented by the grey shaded area. Beta is cross-sectionally sorted in ascending order. The number of betas
for each factor that is not significantly different from 0 is in parentheses.

Each model is characterized by implied cross-sectional restrictions and is reformulated using the
economically constrained time-series framework detailed in the Internet Appendix IA.L.1.

®Since there are many nontraded factors in their study, the training sample prior may not be stable
because of the covariance structure. We use a 50 hyperparameter to make the prior more diffuse.

Using uncentered CSR? does not alter relative rankings but ensures positivity.

8GLS CSR? employs a weighting matrix based on the inverse covariance matrix of returns, while
GLS CSRZ, uses the inverse residual covariance matrix.
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Table 9: Comparison of 8 Models in Kan, Robotti, and Shanken (2013)

This table summarizes the eight models from Kan et al. (2013). The models are estimated using monthly
returns of the 25 ME-B/M portfolios and five industry portfolios, covering February 1959 to July 2007.
For Bayesian estimation, we present the posterior mean, standard deviation, and 95% credible interval
bounds. For OLS and GLS, we report the mean and Fama-Macbeth standard error. All figures are in
percentages. Each model’s log ML and uncentered CSR? are reported. GLS CSR? employs the return

covariance matrix as a weight (Kan et al., 2013), while CSR? . uses the residual covariance matrix.

Tes

Bayes OLS GLS
postmean postsd lower upper | mean se mean se
Rank 1: FF3 ow 0.41 0.19 0.02 0.80  0.50** 0.18 0.51* 0.18
smb 0.17 0.15 -0.12 0.44 016 013 0.23 0.13
hml 0.44 0.13 0.19 0.69 0.39** 012 041* 0.12
logML CSR? CSR?> CSRZ,,
64219 95.78 27.41 96.97
Rank2: D.CCAPM  wvw 0.41 0.19 0.03 0.78 0.55** 0.18  0.50** 0.18
cg 1.10 0.18 077 148 093* 025 0.16 0.12
cgdur 0.49 041 -029 126 0.00 064 062 0.39
logML CSR? CSR?  CSRZ,
57095 88.33 8.32 90.63
Rank 3 : CAPM vw 0.41 0.19 004 080 0.63* 019 050* 018
logML CSR? CSR?  CSRZ,
57082 85.78 5.82 90.36
Rank 4 : C_LLAB ow 0.41 0.19 0.03 0.79 0.57** 0.18 0.51* 0.18
lab -0.15 0.17 -0.47 0.22 -020 013 -0.12** 0.06
prem 0.37 0.08 0.20 054 040 013 0.02 0.07
logML CSR? CSR?*  CSR?,,
57033 89.27 9.06 90.70
Rank 5: ICAPM vw 0.40 0.20 000 079 053* 018 052 018
term 0.22 0.06 0.10 0.35 0.31** 0.08 0.24* 0.05
def -0.11 004 -019 -002 -010 0.6 -0.07 0.04
div -0.05 001  -007 -0.02 -0.06** 0.01 -0.04* 0.1
rf -0.49 0.13 -0.75 -024 -0.59* 0.14 -0.42* 0.10
logML CSR? CSR?*  CSR?,,
56958 97.24 3390  93.32
Rank 6 : CCAPM cg 0.58 0.06 0.47 070  0.67* 020 0.26* 0.11
logML CSR? CSR?  CSR?,,
46983 87.96 4.42 4.83
Rank 7 : U.CCAPM  cg36 3.78 0.40 3.03 460 467 129 1.95% 0.51
logML CSR? CSR?  CSRZ,
46877 94.59 11.01 11.79
Rank 8 : CC_CAY cg 0.42 0.13 0.18 067 035* 0.16 0.27* 0.11
cay 0.48 0.36 -0.24 1.21 0.67 041 0.73* 0.26
cgecay 0.00 0.00 0.00 0.01 0.01** 0.00  0.00 0.00
logML CSR? CSR?> CSRZ,,
46864 88.57 10.53 11.26
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Their top-performing model, ICAPM, has the highest OLS CSR? up to 97.24, al-
though it’s not significantly higher than FF3 (95.78). In fact, ICAPM’s CSR? doesn’t
significantly dominate any other models according to Kan et al. (2013)’s test(with zero-
beta rate given, their Table IA.III). The outperformance of CSR? can be attributed to its
inclusion of the largest number of factors. Regarding marginal likelihood, FF3 demon-
strates the best performance, significantly outperforming the others, while the ML for
ICAPM is much lower, even lower than that of the single-factor CAPM. Figure 4 plots
the posterior beta of the ICAPM with its posterior credible interval. Consistent with
our main results, apart from the only traded factor, market vw, a large portion of the
betas for the remaining four nontraded factors are not significantly different from zero.
Although the risk premia estimations for term, div, and rf are significant, they are un-
reliable because these factors explain little time-series variation due to their limited ex-
posure. Beyond the traded-factor-only model FF3, D-CCAPM, which considers both
nondurable and durable consumption, achieves the second-best model. Section 5.2
also reviews multiple consumption measures in detail.

In addition to 8 pre-specified models, we consider all possible model combina-
tions of those 14 factors, including combinations of traded and nontraded factors. Ta-
ble 10 shows the top 5 models with the highest logML. The estimation of risk premia
is conducted using Bayes, OLS, and GLS, with logML and CSR? reported. Since all
models contain FF3 with additional nontraded factors, we only report risk premia es-
timates for nontraded factors in different models.

Consistent with our main empirical findings, the pure traded-factor FF3 model
remains superior among all factor combinations in the marginal likelihood analysis of
Kan et al. (2013). The second-best model incorporates a nontraded factor, div (mar-
ket dividend yield), derived from the ICAPM. However, its log marginal likelihood is
substantially lower than that of FF3, despite its significant risk premium under Bayes,
OLS, and GLS estimations. Models including other nontraded factors rank below FF3.
We therefore conclude that nontraded factors contribute minimal incremental statisti-

cal value beyond the traded-factor model.
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Table 10: Comparison of All Model Specification

This table presents the top 5 models among all combinations of 14 factors analyzed in Kan et al. (2013).
For Bayesian models, we report the posterior mean, standard deviation, and the 95% credible interval
bounds. For OLS and GLS, we provide the mean and Fama-Macbeth standard error. All figures are in
percentages. Each model includes FF3, so we report only the risk premia estimates for the nontraded
factor. Additionally, we present the log ML and uncentered CSR?. GLS CSR? uses the return covariance
matrix as a weighting matrix (Kan et al., 2013), while CSR?

sos employs the residual covariance matrix.

Bayes OLS GLS
postmean postsd lower upper | mean se mean se

Rank 1 FF3 logML CSR? CSR? CSRZ,,
64219 95.78 27.41 96.97

Rank?2  FF3 +div -0.03 0.01 -0.04 -0.01 -0.03* 0.01 -0.02** 0.01
logML CSR? CSR?  CSR2,,

64207 96.09 27.9 96.99

Rank 3 FF3 + cg36 2.80 0.54 1.81 3.95 2.13*  0.70 0.60 0.58
logML CSR? CSR?  CSR2,,

64201 96.22 27.92 96.99

Rank 4  FF3 + lab -0.33 0.07 -047 -021 -0.33* 0.08 -0.16** 0.06
logML CSR? CSR?  CSRZ,.

64188 96.91 32.67 97.19

Rank 5  FF3 +div -0.02 0.01 -0.04 0.00 -0.03* 0.01 -0.02** 0.01

+¢g36 2.81 0.57 1.77 4.00 237%*  0.72 0.66 0.59
logML CSR? CSR®  CSRZ,,

64187 96.65 28.54 97.02

5.2 Revisiting Consumption-based Model

In Sections 4 and 5.1, we assess consumption-based factor models, which rely on
NIPA-reported measures (National Income and Product Accounts). However, these
measures show weak correlations with test asset returns and are considered weak fac-
tors. The literature explores alternative consumption proxies, with Kleibergen and
Zhan (2020) introducing robust tests to estimate factor risk premia. To illustrate our
Bayesian approach, we revisit their study to estimate and assess these weak consump-
tion factors using marginal likelihood.

We analyze five consumption measures following Kleibergen and Zhan (2020):

(i) NIPA’s consumption expenditure on nondurable goods and services (“Reported”),
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Table 11: Estimation and Marginal Likelihood under MktRf Control

This table summarizes five consumption models from Kleibergen and Zhan (2020). The test assets are
30 portfolios sorted by size, value, and investment, using annualized data from 1960 to 2014. For the
Bayesian estimates, we report the posterior mean, standard deviation, and 95% credible interval. For
OLS and GLS, we present the mean and Fama-Macbeth standard error. All figures are in percentages.
Each model includes the log marginal likelihood and uncentered CSR?. GLS CSR? uses the return

covariance matrix as weights, while CSR?

ios €mploys the residual covariance matrix.

Bayes OLS GLS
postmean postsd lower wupper | mean se mean se
Rank 1 MktRf 5.00 2.66 -0.12 1011 5.96* 240 471 229
logML CSR? CSR?*  CSRZ,,
1824 91.94 6.6 83.75
Rank 2 MKktRf 5.06 2.59 -0.05 999 659 242 476" 229
Unfiltered 1.79 0.59 0.69 299 221%™ 084 078 0.48
logML CSR? CSR? CSRZ,,
1809 95.01 9.45 84.31
Rank 3 MKktRf 5.08 2.58 -0.04 998 7.03** 246 4.74* 229
Q4-Q4 1.19 0.32 0.60 1.88 1.87** 056 0.31 0.26
logML CSR? CSR?  CSRZ,,
1808 96.9 7.58 84.13
Rank 4 MktRf 5.03 2.55 -016 975 6.58** 245 474%™ 229
Garbage 2.37 0.65 1.20 374 4.06™ 137 084 0.43
logML CSR? CSR?  CSRZ,,
1796 95.27 8.25 84.09
Rank 5 MktRf 5.07 2.58 -005 994 7.89* 256 491 230
P-J 2.35 0.62 1.20 3.60 441 134 1.22**  0.59
logML CSR? CSR?*  CSRZ,,
1783 97.07 11.84 85.9
Rank 6 MKktRf 5.08 2.58 -0.03  10.04 7.00** 244 4.69* 229
Reported 0.90 0.30 0.36 152 117 046 -0.08 0.23
logML CSR? CSR? CSRZ,,
1779 94.01 6.78 85.36

(ii) the three-year measure from Parker and Julliard (2005) (“P-J”), (iii) the fourth-
quarter-to-fourth-quarter measure of Jagannathan and Wang (2007) (“Q4-Q4”), (iv)
the garbage-based measure from Savov (2011) (“Garbage”), and (v) the unfiltered
NIPA measure from Kroencke (2017) (“Unfiltered”). Details are provided in Appendix
[A.L12. The test assets consist of 30 portfolios sorted by size, value, and investment,

along with 5 nontraded consumption-based factors. We follow the multifactor spec-
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ification in Kleibergen and Zhan (2020) and treat MktRf as a traded factor.” As the
data are annual, the first 12 years constitute the training sample. Table 11 presents the
single-factor comparison with MktRf.

The single-factor CAPM yields the highest ML, significantly surpassing all two-
factor models that include MktRf and an additional consumption measure. The pos-
terior model probability based on ML ratios suggests that the probability of CAPM,
excluding consumption factors, being the optimal model approaches one. This find-
ing from our Bayesian model comparison is not surprising and aligns with Kleibergen
and Zhan (2020), which employs an F' identification test to demonstrate the weakness
of all consumption measures. They fail to reject the null hypothesis that B = 0 for all
five consumption measures. However, the conclusion differs based on CSR?s, which
indicates the Rank 5 model as optimal in Table 11.

In summary, employing our Bayesian model comparison framework, we reexam-
ine key theory-based consumption factors, addressing the challenges of weak factor
identification. Our analysis corroborates Kleibergen and Zhan (2020), reaffirming that
incorporating multiple consumption growth measures does not significantly enhance

trade factor models, such as the single-factor CAPM.

6 Summary

Beta-pricing models integrate asset-specific return dynamics and cross-sectional
pricing restrictions, offering a joint framework for understanding returns and aver-
age returns. Yet, significant empirical challenges remain. First, standard estimation
methods fail to account for uncertainty in parameters and models. Second, traditional
metrics, such as cross-sectional R? and Hansen-Jagannathan distance, are limited in
model comparison, as larger models perform at least as well as smaller ones. Third,
weak factors have long challenged model estimation and inference.

We propose a Bayesian framework for estimating beta-pricing models with traded

9The other specification in Kleibergen and Zhan (2020) treats MktRf as a test asset rather than a
factor. However, the limitations of consumption measures remain unexamined without a traded factor
benchmark.
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and nontraded factors, incorporating asset pricing restrictions following Lewellen,
Nagel, and Shanken (2010). This framework enables model comparison via marginal
likelihoods, excluding weak factors based on overall fit. Simulations show that the
marginal likelihood criterion balances fit and complexity, reducing bias toward larger
models relative to traditional metrics. Furthermore, our model provides two novel in-
sights on factor evaluation derived from the marginal likelihood: (i) a factor with zero
risk premia can still enhance model fit if it has large betas; (ii) a factor with nonzero
risk premia may not enhance marginal likelihood if it is weak.

Empirically, we test each nontraded factor and assess its incremental contribution
relative to benchmark traded factor models. Among 18 candidate factors (10 traded, 8
nontraded), the optimal model selects 8 traded factors, excluding all nontraded ones.
These results suggest that all tested nontraded factors are weak. Furthermore, the se-
lected model delivers superior out-of-sample tangency portfolio performance. Revis-
iting Kan, Robotti, and Shanken (2013), our method identifies the Fama-French three-
factor model as optimal, excluding all nontraded factors. In evaluating consumption-
based models from Kleibergen and Zhan (2020), all consumption measures appear

weak and are excluded when controlling for the market factor.
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Appendix
AI MCMC and Marginal Likelihood: General Case
(MCMC Algorithm) Initialize parameters and iterate

1. Sample 3, from
,6i | rest ~ N(B\“ Bz)

where
/é\i = BoiBoi + ﬁle’/Uz'z
B =B, + I~7"I~7'/Ui2
F'=(fi,.. f)
2. Sample o2 from
o2 | rest ~ G (Vei, 0c;)
where
 Veoi + T
et — 2
5 _ de0i + SSE;
c 2

E,=R,— Fj!

3. Sample AT from
ANT | rest ~ N(ANT, LNT)
where
(LN = (L)) + TBNTs  BNT
AT = LM (L") AT + BYS (R - FB)1y)

4. Sample p from
p~N(, Dy)
where
fo=Di(M; '+ 3 F'lr)
D' =M+ T
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and
py = My(M; 'py + B'E7'R,)
M= M;'+TB'S'B
R, = colsum(R — FB' — 1’)\NT’BNT’)/
B is an n x k* matrix where the corresponding fV” columns contain the 3 for

fNT and leave the other columns zero.

5. Sample ¥, from
3. | rest ~IW (v, S,)
where
Vu=pupo+T
Su=Quo+Q
Q= (F—1rp)(F — 17p)

(Marginal Likelihood) To estimate the marginal likelihood of each contending
model, we employ the Chib (1995) method, which starts with the convenient expres-

sion of the log-marginal likelihood

Inm(yy.r | M;) =Inn(0" | M;) +Inp(y,.r | M;,0%)
—Inm(0" [ M;, y1.1)
where 0* = (B*, X, ANT* 3% 1*) is some chosen point, say the posterior mean. In
this expression, the prior and likelihood ordinates can be found analytically. As for
the third term, the posterior ordinate suppresses the model index and uses a marginal-
conditional decomposition to write
In7(0* | yir) = Inn(B* | yi7) + In7(E: | yi.7, BY)
+Ina( A" [y, 37, BY) + In (S | yr, AN EE, BY)
+Inw(p* | yir, Ty, AN, B2, BY)

An estimate of the first ordinate is obtained as

m(B* | yi.1r) ZHN<BOZ,30Z+F R/gQ(g) (By; _|_F(9)F(g)/g2(g)) >
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the second from reduced run 1

G n ~ ~
* N Veoi + T 0cpi +sum((R; — FY9BY) o (R; — F93Y
(3¢ [y BY) = = ) ||IQ< U ( 25 ) O ( B)

g=1 i=1

the third from reduced run 2

G
1 ! n '
W(ANT* ‘ Y1, E:, B*) — 5 E N(LNT<<L(])VT)_1A6VT + B* NTE:_l(R — F(Q)B* )1T>7
g=1

) -1
((L(]]\/T)—l L TB* NTE:—lB*NT> >
the fourth from reduced run 3
T(Z5 |y, AN 25 BY) = IW (Pu,o +T,Quo+ (F — 17p9")(F — 1Tﬂ(g)/>>

finally, the fifth from the chosen point
(1 | yrr, 25, AV 25 BY) = N (@, DY)
where
= Dy(M; " ' + 37 ')
Di'=M; T
and
p = M; (M ' o+ B'S;'R,)
M;™'=M;'+TB"S;"'B*
R, = colsum(R — FB* — 1'A\NT¥' B*NT"y

A.Il MCMC and Marginal Likelihood: NT Factors Only

In this section, we propose the model specification with only nontraded factors,
such as a consumption-based model. Start with the restricted TS model, which is the
same as equation 11

r, = BNTANT 4+ B(fNT — pNT) + e (A.1)

and factors
fi=n+u (A.2)
The observed data is y1.7 = {r1.7, fi.r }, excluding the training sample. We first specify

the conditional models used to construct the posterior distributions involved in the
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MCMC sampling. For updating BN = 34, ..., 8,] and X, we use the model
ro = BVTFNT 4o,
where
FNT _ pNT _ | NT | zNT (A3)
For updating 33, we use the model
Il =p+w
For updating A" we use the model
7, — BNTFNT | BNTNT _ \NT | o,
Finally, for updating u we use the models
r,— BNTANT _ BNT gNT _ _pNT NT o,
and
fi=p+u

(MCMC Algorithm: NT Factors Only) Initialize parameters and iterate

1. Sample 3; from
B; | rest ~ N'(B;, B:)
where
Bi = BoiBoi + F'R;/0?
B' =B,'+ F'F/o;

F/ _ ( ~NT,..., ;NT)/

2. Sample o2 from
02 | rest ~ ZG (Vei, 0c;)

where
Veoi +1T

2
8e0i + SSE;
2

ei

de =

E,=R; - Fp,

3. Sample AT from

AN restNN()TN\T,L)
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where
L' = (Ly) ' +TBV's'B""

AT = ((LO)—U\0 + BNTS (R - FB’NT)lT)

4. Sample p from

p ~ N(p, D)
where
fi=Di(M; '+ 3, F'ly)
Di'=M;'+T%!
and

p1 = M (M o+ B'S'R,)
M;'=M;'+TB'>;'B
R, = colsum(R — FNTBNT — XN B'NTY
B is an n x k* matrix where the corresponding f columns contain the 3 for f and

leave the other columns zero.

5. Sample ¥, from
3, | rest ~ IW (v, S,)
where
Uy = Puo + T
Su=Quo+Q
Q= (F = 1pp/)(F — 1pp)

The marginal likelihood estimation is almost the same as that of both traded and
nontraded factors. Still, the only difference is that F' is not a combination of traded
and nontraded factors, but the adjusted nontraded factor in equation A.3.

(Marginal Likelihood: NT Factors Only) To estimate the marginal likelihood of
each contending model, we again employ the Chib (1995) method, where now 6 =

(BNT 3., ANT 35, ). The posterior ordinate is obtained via the following marginal-
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conditional decomposition:
Inm(0* | yr.r) = Ina(B*" | yir) + na(E | yrr, BT
+In7(ANT* |y, 5, BN £ Inw(ZF |y, ANV, 2, BV
+In7w(p |y, 25, AN 2 BT,
The first ordinate is estimated as:

(B*NT|y1T GZHN<BOZIBOZ+F R/O’

g=1 i=1
Byt + ﬁ’(g)ﬁ(g)/UZ(g))—1> '
The second is estimated from reduced run 1:

(E |y1T,B*NT ZHIQ (V60Z+T

glzl

de i+ sum((R = F9B;") © (R — F@ﬁ;’)))
2 .

The third from reduced run 2

(AN | yrp, 55, BT =

IIMQ

(LNT< LNT>—1/\éVT+B*'NTE:—1

(R— ﬁ(g)B*'NT)1T> 7 ((LéVT)—l n TB*’NTg:—lB*NT> —1) |
The fourth from reduced run 3:
(25 | yrr, AN 22 BN = TW (puo + T,
Quo+ (F = 17u Y (F = 17))
Finally, the fifth is from the chosen point:
T(p" | yur, 25, AN 2L B = N (87, Dy)
where:
o =D (M} 'puy + 35 F'1y), D= M TS
and
py = M;(M;'puo+ B'S'R,), M;™'=M;'+TB">'B*
Finally, we define:

R, = colsum(R — FB*NT' — 1/\NT¥ g*NT"y’,
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A.IIl MCMC and Marginal Likelihood: T Factors Only

In this section, we propose the model specification with only traded factors, for
example, the Fama-French 3-factor model. In this case, the restricted TS model takes a
different form without A

r.=B'fl +e (A.4)
and factors
fi=ptw (A.5)
The observed data is y1.7 = {r1.7, fi.r} denotes the sample data exclude the training
sample. We first specify the conditional model used to sample these posterior distri-
butions. For updating B” = [34, ..., 3,,] and X, we use the model
r,=B'fl' +e
For updating 3, we use the model
fi=n+u
Finally, for updating p we use the models
fi=ptw

(MCMC Algorithm with Only Traded Factors) Initialize parameters and iterate

1. Sample 3; from
B: | rest ~ N'(B;, B;)
where
B: = BoiBu; + F'R;/o?
B'=B,' + F'F/o}
F'=(fl,..f)

2. Sample o2 from

o2 | rest ~ IG (Vei, 0ci)

where
C Veoi + T

2
8e0i + SSE;
2

Veg

5o =
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E; =R, - Fp

3. Sample p from
p ~ N(p, D)
where
fi =Dy (Mg po + 2, F'lp)
Di'=M;'+T% !

4. Sample X, from
3, | rest ~ IW (v, Su)
where
Vu = puot+ T
Su=Quo+Q
Q= (F — 1) (F — 17p)

(Marginal Likelihood: T Factors Only) To estimate the marginal likelihood of
each contending model, we again employ the Chib (1995) method where now 6 =
(BT, X%.,%,, p). The posterior ordinate is obtained via the following marginal-conditional
decomposition:

In7(0* | yrr) = n7(B*" | yi.p) + In7(ZF | yr.p, B7)
+Inm (3} | yur, B2, B + nw(p’ | yor, B, 25, BT
An estimate of the first ordinate is obtained as

G n
1 !/
(BT | Y1) = el E | |/\/’ (Bmﬁm +F (Q)Ri/af(g)’
g=1 i=1

(B + F’(g)F(g)/Uf(g))A)
the second from reduced run 1

R Veoi + 1
T(Z: | y11T7B*T) = a ZHIQ (WZT7

g=1 i=1

be0i + sum((R; — FYB;") © (Ri — F<g’ﬁ;")))
2

the third from reduced run 2

W(EZ ‘ YiT, 2:7 B*T) =1IWw (pU,O + T,

Qu,O + (F _ 1Tﬂ'(g)/)/(F o 1Tﬂ(g)/)>
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tinally, the fourth from the chosen point
(1" | yur, 2. 5%, B™) = N (B*, DY)
where
B = Di(Mg o+ X7 F'ly)
Di'=M; ' +TE
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Internet Appendix
(Not for Publication)

TA.I Data Description

IA.I.1 Data in Kan, Robotti, and Shanken (2013)

There are 8 asset pricing models with 14 factors in Kan et al. (2013) that are directly

downloaded from Prof. Cesare Robotti’s website, including

1.

2.

vw, smb, hml, directly downloaded from French’s website.
prem, the lagged yield spread between Baa- and Aaa-rated corporate bonds.

lab, the growth rate of per capita labor income, L, is the difference between total

personal income and dividend payments, scaled by the total population.

term, the yield spread between 10-year and 1-year Treasury bonds. def, the credit
spread between Baa-rated corporate bonds and long-term Treasury bonds. div,
the dividend yield. rf, the 1-month T-bill yield. The factors term, def, div, and
rf are extracted as innovations from a VAR(1) model with seven state variables,

including vw, smb, and hml.

. cg represents the growth rate in real per capita nondurable consumption (sea-

sonally adjusted at annual rates).

cay, the conditioning variable, represents the consumption-aggregate wealth ra-
tio as defined by Lettau and Ludvigson (2001). Quarterly cay values are linearly
interpolated to enable monthly frequency analysis. The variable cgcay is the

product of cg and cay.

cg36, the growth rate in real per capita nondurable consumption over 3 years

starting with the given month.

. cgdur, the growth rate in real per capita durable consumption (seasonally ad-

justed at annual rates).



Models that are estimated:

1. CAPM
E(rt) = [va} |:)\U’LU:|
S
BT AT
o= [Bu] [fn] +er
—— ——~
BT fT
2. The conditional CAPM (C-LAB) of Jagannathan and Wang (1996)

)\lab
E(Tt) = [/va] [)\vw} + [/Blab /Bprem}

N’ e’ N ——— )\prem

BT \T BNT
ANT
Alab Jiab Miab
Tt = [ﬁlab ﬁprem} + [/va] [fvw} + [ﬁlab ﬁprem} - e
—— )\prem SN —— f prem Hprem
BNT BT fT BNT
ANT FNT uNT
3. FF3
)\vw
E(Irt> = [va 6smb ﬁhml] >\smb
é; )\hml
—
\T
Sow
Tty = [/va /Bsmb /mal} fsmb teé;
B\rT fhml
——
fT
4. ICAPM (Petkova, 2006)
)\term
)\def
E(Irt> = [/va] [)‘vw] + [Bterm IBd(:‘f /6div /6rf}
N N — ~~ - /\div
BT \T BNT
Arj
L _
ANT



Aterm fterm ,Ufterm
Nde fdef Hdef
Ty = [ﬁterm ﬁdef Bdiv /Brf} + [/ng] [fvw] + [/Bterm /gdef /Bdiv /Grf] -
)\div N — fdiv Mdiv
BNT BT fT BNT
L /\rf ] L frf ] L Hrf ]
— —_—
)\NT fNT ILNT
5. The unconditional consumption model (CCAPM)
E(rt) = [Bcg} [)\cg}
—~—
BNT ANT
70 = [Beg) gl + [Beg] | [feg] = [1eg] | + et
—~— = = |~~~ —~—~
BNT )\NT BNT fNT uNT
6. CC-CAY from Lettau and Ludvigson (2001)
)\cay
E(Tt) = [Bcay /609 ﬂcg-cay} )\cg
B‘]GT )\cgczzy
—_——
ANT
/\cay fcay Keay
Ty = [ﬂcay ﬂcg /Bcg-cay:| )\cg + [Bcay /Bcg /Bcgcay} fcg - Heg +é;
BNT )\cg-cay BNT fcg-cay Heg-cay
—_—— —_——  ———
ANT fNT #NT
7. U-CCAPM from Parker and Julliard (2005)
E(rt) = [/80936} [)\0936}

BNT ANT

Ty = [/30936] [Acg%} + [ﬁcg36:| [fcg36} o [,Uch36:| t+eé
—— —— Y | Y Y——

BNT >\NT BNT fNT MNT
8. D-CCAPM from Yogo (2006)

Ac

E(Tt) = [/va] [)\vw] + [Bcg /Bcgdur:| ’
N - —— )‘cgdur

BT AT BNT —_——

ANT

+e;



Ae Je fhe
Ty = [ﬁcg /Bcgdur] ! + [va} [fvw} + [/Bcg Bcgdur} ! - ! +et
N———r Acgdur S N —— fcgdur Hegdur
BNT —_— BT fT BNT
ANT fFNT uNT

IA.I.2 Data in Kleibergen and Zhan (2020)

Five consumption measures are utilized in Kleibergen and Zhan (2020). Thanks
to Kroencke (2017), four of these measures are publicly available. Garbage data is
sourced from the U.S. Environmental Protection Agency (EPA). Following Savov (2011),
yard trimmings are excluded due to measurement issues. Instead of the commonly
used Fama-French portfolios, univariate portfolios sorted by size, value, and invest-
ment are employed as test assets, which can also be accessed via Prof. Tim A. Kroencke’s
website.

Models that are estimated:

1. CAPM
E(re) = [Bow] o]
S~
BT \T
Tt = [IB’UW] [fvw} teé
S~
BT fT

2. MktRf + Reported

E(rt) - [va] [Avw} + [ﬁReported] [AReported}

N N -~ /\ — -
BT \T BNT ANT

e = [ﬂReported] [)‘Reported} + [IB’UUJ] [fvw:| + [IBReparted} [fReported] - [MReported} +e

v~ ~\~ -~ W_/\/-/ ~ ~\~ - N~ ~\~ - N~ ~\~ -
BNT A\NT BT fT BNT fNT ,U'NT
3. MKtRf + P-

E(re) = [Buw) Mow) T 18] [Np-s]

—— N N —
BT AT BNT ANT

re = [Bp_s] Dpos] + [Buu] [fou) T [Bp—s] | [fpos] = [np_s] | e

e e N N e | N N~

BNT ANT BT fT BNT fFNT uNT
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. MKtRf + Q4-Q4

E(r) = [Byw) Dow) + [ﬁQ4—Q4] [AQ4—Q4}
—— N S — N

BT AT BNT ANT

e = [Bas—oa) [Nosod) T [Buw [fow] + [Bosad) | [for-od] = [nos—gd | +e
—_— N | T

BNT )\NT BT fT BNT fNT I
. MktRf + Garbage
E(rt) = [/va} [Avw} + [IBGarbage] [)‘Garbage}
N ~~ ~—
BT AT BNT ANT

Ty = [IBGarbage} [)\Garbage} + [/va} [fvw} + [IBGarbage} [fGarbage} - [,uGarbage] +e

—_— N N ~—
BNT ANT BT fT BNT fNT #NT
. MktRf + Unfiltered
E(rt> = [Iva] [)\vw] + [BUnfiltered] [)\Unfiltered]
—— —— —~ N ~ P
BT \T BNT ANT

Ty = [ﬁUnfiltered} [)\Unfiltered] + [ﬂvw} [fvw] + [/BUnfiltered] [fUnfiltered} o [/JJU'rLfilte'red} +ey
N -— _ -— R \ N -— BN -— N -— _

BNT ANT BT fT BNT fFNT uNT




IA.II Additional Simulations

IA.II.1 Simulation for Useless Factor under Traded Factor Constriant

We simulate traded factors to emphasize the critical role of imposing restrictions
on risk premia estimation. Lewellen et al. (2010) use artificial factors with zero means
to demonstrate that, without such constraints, cross-sectional regressions prioritize fit,
yielding a significantly nonzero simulated CSR?, despite its theoretical value being
zero. Extending their approach with marginal likelihood, our simulation highlights
the necessity of these constraints.

Just as Lewellen et al. (2010)’s simulation study, we use data from empirical stud-
ies directly. Specifically, we use the same 25 ME-B/M portfolio and FF3 factors. We
consider two kinds of useless factors. ul;; standard for a zero mean noisy factor, while
uly; also has zero mean, but correlated with return:

uly, = uyg, uye ~ N(0, (1%)?)

uly = 0.5 % (7 — T) + gy, ug ~ N(0, (1%)?)
where 7; is the cross-sectional average of test asset returns. Under this setup, these
two factors should not have any pricing ability relative to other true factors. Under the
imposed constraint, the model incorporating this factor is anticipated to underperform
relative to the unconstrained model. Without this constraint, the model optimizes for
the best fit by allowing for a nonzero risk premium deviation, thereby enhancing the
marginal likelihood.

Table IA.1 shows the results for this simulation. The number is the average of 100
simulation runs. Each row represents the useless factor, which is ul;; or uly. Panel
A uses the estimation without the traded factor constraint, while Panel B imposes
that constraint. Log ML reduced represents the logML without the chosen simulated
factor, while log ML Full stands for the model with all 4 factors (FF3 factors plus one
artificial factor). Panel C reports GLS CSR? for the reduced and full models, and Panel
D reports the HJD.

All factors in Panel A exhibit higher marginal likelihoods when the corresponding



Table IA.1: Evaluating Useless Factors under Traded Factor Constraint

This table summarizes simulation results evaluating the impact of useless factors under the traded
factor constraint. Panel A presents outcomes from the Bayesian model without the constraint, while
Panel B incorporates it. The empirical dataset includes 25 ME-B/M portfolios, with FF3 factors and
one simulated zero-mean factor. uly; represents a zero-mean factor uncorrelated with returns, and uly;
is zero-mean but correlated with returns. “Log ML Reduced” denotes the log marginal likelihood of
the model excluding the simulated factor, while “Log ML Full” corresponds to the full model. Panel
C reports GLS CSR? for the reduced and full models, and Panel D reports the Hansen-Jagannathan
Distance (H]D). Results are averaged over 100 simulations.

log ML reduced log ML Full GLS reduced GLS Full

Panel A: Bayes No Constraint Paenl C: CSR?(%)
uly, 29604.0 29660.6 19.78 23.45
ulg 29605.0 29689.0 19.78 26.81

Panel B: Bayes With Constraint Panel D: HJD(%)
ulys 29392.6 29373.5 0.0373 0.0356
ulo; 29377.2 29377.1 0.0373 0.0350

simulated factor is included, despite its zero mean. In contrast, Panel B shows a decline
in marginal likelihood when a redundant factor is added, indicating no additional ex-
planatory power. Across panels, marginal likelihood typically increases as constraints
are relaxed. However, this does not imply that the unconstrained model outperforms
the constrained one. The unconstrained model often prioritizes fit over theoretical
alignment, diverging from the theoretical framework. Artificial factors should not en-
hance performance. Relaxing constraints can artificially inflate marginal likelihood,
leading to misleading conclusions. To validate Lewellen et al. (2010)’s results, Panels
C and D illustrate that adding a zero-mean, non-informative factor raises CSR* while

reducing the HJD, falsely suggesting improved pricing performance.



TA.III Additional Empirical Results

IA.ITII.1 The Role of Traded Factor Constraint

As suggested by Lewellen et al. (2010), we consider a large cross section of test
assets and impose the traded factor constraint. This section shows how these sugges-
tions help improve the empirical test. We consider all subsets of test assets and 10
traded factors as described in section 4.1. In this section, we do not include nontraded
factors to emphasize the role of the traded factor constraint. The full set of factors
and the subset of factors included in the return model are these 10 traded factors. We
estimate this factor model specification under different sets of test assets.

Table IA.5 in the Appendix reports the estimation results of 10 traded factors and
different panel stands for different sets of test assets. Within each panel, we report
three types of estimation: Bayes without traded factor constraint, Bayes with that con-
straint, and WLS (without constraint). For each factor, we report the posterior mean for
Bayes (mean for WLS) and 5%/ 95% credible interval (confidence interval for WLS).

Table IA.5 in the Appendix presents the estimation results for 10 traded factors.
Each panel corresponds to a different set of test assets. Within each panel, we report re-
sults from three approaches: Bayesian without the traded factor constraint, Bayesian
with the constraint, and WLS (without the constraint). These results show that im-
posing the traded factor constraint produces more stable estimates, which is to be
expected. Without this constraint, the risk premia estimates vary more, even alter-
ing their statistical significance. For example, the CMA factor is largely insignificant
across most test asset subsets. However, under the constraint, it appears slightly sig-
nificant. Similar patterns emerge for BAB, IA, and ROE, where the unconstrained
estimates suggest a lower or even negative effect, whereas the estimates indicate high

significance under the constraint.



IA.IV Additional Tables and Figures

Table IA.2: Definition of Factors

This table shows the factor explanation and sources. We include 18 factors, with 10 traded factors and
8 nontraded factors.

Factors Explanations Sources

Traded Factors
MktRf The excess return of the market portfolio Sharpe (1964)
SMB Small Minus Big Fama and French (1993)
HML High Minus Low (Value minus Growth) Fama and French (1993)
RMW Robust Minus Weak Fama and French (2015)
CMA Conservative Minus Aggressive Fama and French (2015)
MOM The momentum factor Carhart (1997)
BAB Betting Against Beta Frazzini and Pedersen (2014)
QM] Quality Minus Junk Asness et al. (2019)
IA The investment factor Hou et al. (2015)
ROE The return on equity factor Hou et al. (2015)

Nontraded Factors

IndProd Industrial Production Chen et al. (1986)

LIQ Liquidity Pastor and Stambaugh (2003)
LTY Long Term Yield Sweeney and Warga (1986)
M2 M2 Seasonally Adjusted Chan et al. (1996)

PCEDG Personal Consumption Expenditures Durable Yogo (2006)

PCEND Personal Consumption Expenditures Non-Durable Yogo (2006)

HKMcapital Intermediary Capital Ratio and Risk Factor He et al. (2017)

PEAR Monthly presidential economic approval rating index ~ Chen et al. (2023)
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Figure IA.1: Residual Correlation Distribution
This figure shows the residual correlation distribution of 302 test assets regressed on our selected rank
1 model (in Table 6, with eight factors). The red dotted line indicates the cut-off for significance. Only
18% of correlations are significantly different from zero, according to Bonferroni multiple testing. This
suggests that the diagonal assumption of residual covariance for test assets is not problematic.



Table IA.3: Rejection Rate in Simulation

This table shows the 5% rejection rate of the frequency of rejecting the null hypothesis Hy : A = Ay in
simulation under the true model. There are 8 factors, including 6 traded factors and 2 nontraded factors.
The parameters are calibrated from the true test assets and true factors. The number is calculated from

1000 simulation runs.

WLS Bayes BayesNC WLS Bayes BayesNC

25 test assets 100 test assets
MktRf 0.055 0.046 0.076 0.050 0.041 0.353
SMB 0.052  0.060 0.066 0.056  0.043 0.103
HML 0.041 0.040 0.045 0.044 0.039 0.064
RMW 0.047 0.057 0.036 0.055 0.049 0.069
CMA 0.060 0.038 0.039 0.037 0.032 0.042
UMD 0.069 0.075 0.047 0.054 0.064 0.065
PCEDG 0.049 0.042 0.020 0.060 0.039 0.039
HKMcapital 0.069 0.041 0.042 0.050 0.043 0.152

Table IA.4: Simulation Evidence: Model Comparison under Marginal Likelihood
with Full Covariance Matrix

This table summarizes simulation results comparing 1008 model specifications with 10 factors: 6 traded
and 4 nontraded. The true DGP is a four-factor model (MktRf, SMB, HML, HKMcapital) with a full
covariance matrix. Parameters are calibrated using the true test assets and factors. Metrics reported
include log marginal likelihood, Cross-Sectional R? (%), average model rank by marginal likelihood,
and Hansen-Jagannathan Distance (HJD %). NC denotes the Bayesian model without traded factor
constraints. Simulations are conducted 100 times. Table 4 uses a diagonal covariance matrix for return
generation, but this table uses a full covariance matrix for robustness checks. It shows that the diagonal
assumption of the residual covariance matrix will not affect the model comparison even if the true DGP
has a full covariance structure.

Top 10 marginal likelihood models logML 1ogMLNC rank rankNC CSR? HJD

MKTRF+SMB+HML+HKMcapital 55314.9 554612 1.0 9.7 62.8 0.0167
MKTRF+SMB+HML+PEAR+HKMcapital 55253.7  55506.5 4.6 6.3 64.6 0.0161
MKTRF+SMB+HML+UMD+HKMcapital 55253.7 555284 4.7 3.5 644 0.0163
MKTRF+SMB+HML+RMW-+HKMcapital 55253.3  55530.6 4.6 3.3 64.3 0.0162
MKTRF+SMB+HML+Liq+HKMcapital 55253.3  55529.2 4.7 3.3 64.2 0.0162
MKTRF+SMB+HML+CMA+HKMcapital 55253.1 555209 4.6 4.7 64.3 0.0162
MKTRF+SMB+HML+PCEND+HKMcapital 55252.6 555103 4.7 59 64.1 0.0162
MKTRF+SMB+HML 55220.8 55683.8  10.1 1.0 48.7 0.0196

MKTRF+SMB+HML+UMD+PEAR+HKMcapital 55192.3  55437.0  16.6 12.9 66.1 0.0157
MKTRF+SMB+HML+CMA+PEAR+HKMcapital 55192.0 55436.6  16.5 12.9 66.0 0.0156
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Table IA.5 Estimation for Traded Factors under Different Test Assets
This table reports estimates from the traded-factor-only model using various test assets. We compare Bayesian models alongside WLS with and without traded

factor constraints. The 95% credible (confidence) intervals are shown in parentheses.

MkitRf SMB HML RMW CMA UMD BAB QMJ IA ROE
5 x 5 Size and Book-to-Market

Bayes No Constraint 0.51 -0.01 0.14 0.61 0.25 2.28 0.63 0.45 0.08 0.58
[0.30,0.74] [-0.27,025] [-0.13,045] [0.19,1.05] [-0.41,0.85] [0.52,4.10] [-0.61,1.93] [-0.07,0.96] [-0.61,0.71] [-0.06,1.25]

Bayes With Constraint 0.73 0.11 0.16 0.40 0.22 0.41 0.78 0.46 0.23 0.50
[027,117] [-0.17,0.38] [-0.12,0.46] [0.19,0.61] [0.03,040] [0.01,0.83] [0.43,1.11] [0.23,0.67] [0.04,0.42] [0.250.74]

WLS 0.80 0.09 0.12 0.48 0.20 2.00 0.61 0.49 -0.10 0.50
[0.39,1.22] [-0.18,0.37] [-0.17,041] [0.06,0.89] [-0.32,0.72] [0493.51] [-0.35158] [0.05092] [-0.63,043] [-0.06,1.06]

17 Industry

Bayes No Constraint 0.68 -0.51 0.02 0.31 0.12 0.64 -0.16 0.13 0.06 0.52
[0.38,0.99] [-1.24,0.16] [-0.39,040] [-0.06,0.67] [-0.24,0.47] [-0.52,1.96] [-1.25,0.86] [-0.26,0.52] [-0.30,0.46] [-0.04,1.13]

Bayes With Constraint 0.73 0.11 0.16 0.40 0.22 0.41 0.77 0.45 0.24 0.50
[0.29,1.15] [-0.16,0.38] [-0.11,0.44] [0.19,0.61] [0.03,0.42] [-0.03,0.81] [0.44,1.11] [0.21,0.69] [0.04,0.44] [0.26,0.75]

WLS 0.81 -0.56 0.04 0.42 -0.01 0.67 -0.12 0.23 -0.19 0.43
[0.40,1.23] [-1.27,015] [-0.40,047] [-0.07,091] [-0.49,047] [-0.55,1.89] [-1.13,0.90] [-0.25,0.71] [-0.73,0.35] [-0.16,1.03]

5 x 5 Operating Profitability and Investment

Bayes No Constraint 0.62 -0.18 0.20 0.34 0.25 0.38 -0.22 0.09 0.18 0.27
[0.42,0.86] [-0.97,053] [-0.27,0.66] [0.02,0.64] [0.02,048] [-0.66,1.41] [-1.18,0.79] [-0.34,0.54] [-0.16,0.53] [-0.54,1.02]

Bayes With Constraint 0.73 0.11 0.16 0.40 0.22 0.41 0.78 0.46 0.23 0.50
[027,1.17] [-0.17,038] [-0.12,0.46] [0.19,0.61] [0.03,040] [0.01,0.83] [0.43,1.11] [0.23,0.67] [0.04,0.42] [0.250.74]

WLS 0.76 0.18 0.39 0.45 0.31 0.35 -0.24 -0.14 0.05 0.10
[0.34,1.17] [-0.47,0.84] [-0.13,091] [0.11,0.79] [0.07,0.54] [-0.68,1.39] [-1.16,0.69] [-0.57,0.30] [-0.26,0.36] [-0.65,0.85]

5 x 5 Size and Variance
Bayes No Constraint 0.43 0.03 0.53 0.23 -0.16 0.64 0.59 0.40 -0.15 -0.14
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Table IA.5 continued from previous page

MKktRf SMB HML RMW CMA UMD BAB QM]J 1A ROE
[0.21,0.67] [-0.27,0.34] [-0.45,1.58] [-0.25,0.72] [-0.82,0.52] [-1.14,247] [-0.42,1.55] [-0.23,1.04] [-0.86,0.55] [-0.89,0.57]

Bayes With Constraint 0.73 0.11 0.16 0.40 0.22 0.41 0.78 0.46 0.23 0.50
[0.27,1.17] [-0.17,038] [-0.12,046] [0.19,0.61] [0.03,0.40] [0.01,0.83] [043,1.11] [0.23,0.67] [0.04,042] [0.25,0.74]

WLS 0.83 0.23 -0.77 0.63 -1.06 0.06 1.07 0.89 -1.30 -0.24
[0.41,1.24] [-0.08,0.55] [-1.69,0.16] [0.21,1.05] [-1.54,-0.58] [-1.34,1.45] 1[0.18,197] [0.37,1.41] [-1.90,-0.70] [-0.99,0.50]

5 x 5 Size and Net Share Issues

Bayes No Constraint 047 -0.18 0.80 0.26 0.45 243 0.54 0.38 0.25 0.15
[0.31,063] [-0.41,005] [0.251.34] [-0.13,0.67] [0.07,0.85] [0.784.07] [-0.34,1.46] [-0.01,0.79] [-0.22,0.75] [-0.57,0.87]

Bayes With Constraint 0.73 0.10 0.16 0.40 0.22 0.41 0.78 0.46 0.23 0.50
[0.30,1.15] [-0.16,0.39] [-0.12,0.44] [0.19,0.62] [0.02,0.41] [-0.02,0.83] [0.44,1.10] [0.24,0.69] [0.02,043] [0.26,0.74]

WLS 0.78 0.02 0.54 0.22 0.37 2.21 0.75 0.28 0.17 0.49
[0.37,1.20] [-0.26,0.31] [-0.02,1.10] [-0.16,0.60] [0.05,0.70] [0.89,3.52] [0.051.45] [-0.07,0.63] [-0.21,0.56] [-0.17,1.14]

5 x 5 Size and Accruals

Bayes No Constraint 0.46 -0.10 0.01 0.06 0.25 1.10 -0.23 0.24 0.19 0.10
[0.22,0.74] [-0.35,0.18] [-0.68,0.69] [-0.47,0.60] [-0.20,0.70] [-0.48,2.74] [-1.43,098] [-0.21,0.69] [-0.26,0.63] [-0.59,0.81]

Bayes With Constraint 0.73 0.11 0.16 0.40 0.22 0.41 0.78 0.46 0.23 0.50
[0.27,1.17] [-0.17,0.38] [-0.12,046] [0.19,0.61] [0.03,0.40] [0.01,0.83] [0.43,1.11] [0.23,0.67] [0.04,042] [0.25,0.74]

WLS 0.77 0.04 0.13 0.10 0.32 0.80 -0.64 0.18 0.19 -0.14
[0.34,1.19] [-0.26,0.33] [-0.57,0.82] [-0.38,0.58] [-0.06,0.70] [-0.75,2.34] [-1.77,0.49] [-0.25,0.61] [-0.16,0.55] [-0.84,0.56]

5 x 5 Size and Beta

Bayes No Constraint 047 -0.08 0.43 0.18 -0.11 1.02 0.39 -0.09 0.06 0.01
[0.24,0.72] [-0.35,0.20] [-0.37,1.25] [-0.18,0.56] [-0.61,041] [-0.81,2.86] [-0.28,1.02] [-0.59,0.40] [-0.51,0.63] [-0.78,0.77]

Bayes With Constraint 0.73 0.11 0.16 0.40 0.22 0.41 0.78 0.46 0.23 0.50
[0.27,1.17] [-0.17,038] [-0.12,046] [0.19,0.61] [0.03,0.40] [0.01,0.83] [043,1.11] [0.23,0.67] [0.04,042] [0.25,0.74]

WLS 0.82 0.11 0.01 0.15 -0.38 1.13 0.67 -0.06 -0.24 0.16
[0.40,1.23] [-0.18,040] [-0.61,0.64] [-0.22,0.52] [-0.81,0.04] [-0.14,2.40] [0.10,1.23] [-0.51,0.40] [-0.75,0.27] [-0.58,0.89]
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Table IA.5 continued from previous page

MKktRf SMB HML RMW CMA UMD BAB QMJ IA ROE
5 x 5 Size and Momentum

Bayes No Constraint 0.42 -0.10 0.81 -0.13 0.54 0.70 0.25 0.06 0.74 0.38
[0.19,0.67] [-0.36,0.18] [-0.14,1.81] [-0.63,041] [-0.21,1.22] [0.27,1.12] [-0.68,1.17] [-0.45,0.57] [0.07,1.35] [-0.20,0.93]

Bayes With Constraint 0.73 0.11 0.16 0.40 0.22 0.41 0.78 0.46 0.23 0.50
[027,1.17] [-0.17,038] [-0.12,046] [0.19,061] [0.03,040] [0.01,0.83] [0.43,1.11] [0.23,0.67] [0.04,042] [0.25,0.74]

WLS 0.86 0.06 0.52 -0.51 0.92 0.50 0.18 0.03 0.93 0.58
[0.43,1.28] [-0.24,0.35] [-0.37,1.40] [-1.00,-0.01] [0.22,1.63] [0.08,0.91] [-0.80,1.15] [-0.44,0.49] [0.26,1.60] [0.05,61.11]

5 x 5 Size and Operating Profitability

Bayes No Constraint 0.48 -0.05 0.47 0.41 0.33 1.41 -0.12 0.04 0.44 0.39
[0.29,0.71] [-0.29,0.21] [-0.01,0.99] [0.19,0.63] [-0.20,0.88] [-0.02,2.86] [-1.28,1.02] [-0.42,0.46] [-0.20,1.04] [-0.20,1.00]

Bayes With Constraint 0.73 0.11 0.16 0.40 0.22 0.41 0.78 0.46 0.23 0.50
[027,117] [-0.17,038] [-0.12,046] [0.19,0.61] [0.03,040] [0.01,0.83] [0.43,1.11] [0.23,0.67] [0.04,042] [0.250.74]

WLS 0.77 0.03 0.36 0.34 0.27 1.05 -0.27 -0.04 0.33 0.43
[0.36,1.18] [-0.24,0.31] [-0.10,0.83] [0.11,058] [-0.20,0.75] [-0.22,2.32] [-1.29,0.75] [-0.47,0.38] [-0.15,0.81] [-0.08,0.93]

5 x 5 Size and Investment

Bayes No Constraint 0.47 -0.22 0.99 -0.28 0.23 0.07 -0.39 -0.13 -0.11 -0.12
[0.27,071] [-0.53,0.12] [0.091.72] [-1.20,098] [0.01,045] [-1.91,228] [-1.73,1.02] [-0.73,0.57] [-0.57,0.34] [-0.84,0.63]

Bayes With Constraint 0.73 0.11 0.16 0.40 0.22 0.41 0.78 0.46 0.23 0.50
[027,1.17] [-0.17,038] [-0.12,0.46] [0.19,0.61] [0.03,040] [0.01,0.83] [0.43,1.11] [0.23,0.67] [0.04,0.42] [0.250.74]

WLS 0.80 -0.23 1.36 -1.11 0.15 -0.92 -0.70 -0.48 -0.30 -0.19
[0.39,1.21] [-0.54,0.09] [0.66,2.05] [-1.98,-0.25] [-0.06,0.35] [-2.44,0.61] [-1.77,0.38] [-1.01,0.04] [-0.66,0.06] [-0.72,0.35]

5 x 5 Size and Short-Term Reversal

Bayes No Constraint 0.44 -0.14 0.66 0.58 0.42 -0.16 0.12 0.18 0.55 0.32
[0.22,069] [-0.40,0.14] [-0.151.54] [-0.04,1.21] [-0.21,1.07] [-1.22,096] [-0.66,0.86] [-0.32,0.70] [-0.19,1.29] [-0.37,0.95]

Bayes With Constraint 0.73 0.11 0.16 0.40 0.22 0.41 0.78 0.46 0.23 0.50
[027,1.17] [-0.17,038] [-0.12,046] [0.19,061] [0.03,040] [0.01,0.83] [0.43,1.11] [0.23,0.67] [0.04,042] [0.25,0.74]
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MktRf SMB HML RMW CMA UMD BAB QMJ IA ROE

WLS 0.75 0.01 -0.23 0.72 0.04 -0.63 0.52 0.38 0.06 0.78
[0.33,1.16] [-0.30,0.32] [-1.23,0.77] [0.02,1.42] [-0.82,0.89] [-1.77,0.51] [-0.50,1.55] [-0.13,0.89] [-0.78,0.89] [0.00,1.56]

5 x 5 Size and Long-Term Reversal

Bayes No Constraint 0.46 0.01 0.25 0.02 0.10 0.80 0.60 0.14 0.12 0.08
[0.24,0.70] [-0.27,031] [-0.21,0.75] [-0.44,0.49] [-0.31,049] [-0.29,1.83] [-0.31,1.56] [-0.23,0.50] [-0.30,0.54] [-0.45,0.62]

Bayes With Constraint 0.73 0.11 0.16 0.40 0.22 0.41 0.78 0.46 0.23 0.50
[027,117] [-0.17,0.38] [-0.12,0.46] [0.19,0.61] [0.03,040] [0.01,0.83] [0.43,1.11] [0.23,0.67] [0.04,0.42] [0.250.74]

WLS 0.81 0.23 0.13 -0.13 -0.01 1.13 1.07 0.06 0.05 0.22
[040,1.23] [-0.09,055] [-0.39,0.64] [-0.62,035] [-0.41,0.40] [0.29,1.96] [0.04,2.09] [-0.31,0.43] [-0.42,0.53] [-0.43,0.88]

All Portfolios

Bayes No Constraint 0.56 -0.37 0.28 0.46 0.24 0.66 0.33 0.40 0.16 0.24
[047,0.67] [-0.49,-0.25] [0.09,0.47] [0.29,0.65] [0.10,0.39] [0.31,1.07] [0.050.61] [0.25,0.56] [0.00,0.33] [0.03,0.48]

Bayes With Constraint 0.73 0.10 0.16 0.40 0.22 0.41 0.78 0.45 0.23 0.50
[030,1.17] [-0.17,0.38] [-0.11,0.44] [0.20,0.60] [0.04,0.41] [-0.01,0.84] [0.43,1.10] [0.22,0.68] [0.04,0.44] [0.250.76]

WLS 0.77 0.09 0.16 0.33 0.15 0.47 0.47 0.24 0.05 0.21
[0.36,1.18] [-0.18,0.37] [-0.14,046] [0.09,0.57] [-0.06,0.35] [0.050.89] [0.04,090] [-0.03,0.51] [-0.18,0.27] [-0.19,0.60]




Table IA.6: Top 10 Models Ranked by Marginal Likelihood under 2 hyperparameter

This table reports the top 10 models from all possible combinations of 18 factors, out of a total of 131,072
models under different training sample hyperparameters. The main results in Table 6 use a hyper-
parameter of 4, while in this table, it is 2. The log marginal likelihood, Cross-Sectional R? (%), and
Hansen-Jagannathan distance (HJD) are presented.

Rank  Top 10 Model logML CSR? HJD

1 MktRf + SMB + HML + RMW + CMA + UMD + 321589 49.03 0.0071
BAB + QM]

2 MktRf + SMB + HML + RMW + CMA + UMD + 321551 49.68 0.0071
BAB + QM]J + ROE

3 MktRf + SMB + HML + RMW + CMA + UMD + 321521 49.10 0.0071
BAB + QM] + HKMcapital

4 MktRf + SMB + HML + RMW + CMA + UMD + 321485 50.13 0.0070
BAB + QM] + PCEND

5 MktRf + SMB + HML + RMW + CMA + UMD + 321483 49.74 0.0071
BAB + QM] + ROE + HKMcapital

6 MktRf + SMB + HML + RMW + CMA + UMD + 321466 49.10 0.0071
BAB + QM]J + PCEDG

7 MktRf + SMB + HML + RMW + CMA + UMD + 321430 50.42 0.0070
BAB + QM]J + ROE + PCEND

8 MktRf + SMB + HML + RMW + CMA + UMD + 321428 49.55 0.0071
BAB + QM]J + PEAR

9 MktRf + SMB + HML + RMW + CMA + UMD + 321425 50.33 0.0070
BAB + QM] + PCEND + HKMcapital

10 MktRf + SMB + HML + RMW + CMA + UMD + 321417 49.56 0.0071
BAB + QM]J + IA
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Table IA.7: Top 10 Models Ranked by Marginal Likelihood under 50 hyperparame-
ter

This table presents the top 10 models derived from all possible combinations of 18 factors, selected from
a total of 131,072 models under varying training sample hyperparameters. The primary results in Table
6 use a hyperparameter value of 4, whereas this table employs a value of 50. Reported metrics include
log marginal likelihood, Cross-Sectional R? (%), and Hansen-Jagannathan Distance (H]D).

Rank  Top 10 Model logML CSR? HJD

1 MktRf + SMB + HML + RMW + CMA + UMD + 320339 49.03 0.0071
BAB + QM]

2 MktRf + SMB + HML + RMW + CMA + UMD + 320177 45.92 0.0073
BAB

3 MktRf + SMB + HML + RMW + CMA + UMD + 320085 49.68 0.0071
BAB + QM] + ROE

4 MktRf + SMB + HML + RMW + CMA + UMD + 320046 46.22 0.0072
BAB + ROE

5 MktRf + SMB + HML + RMW + UMD + BAB + 320035 47.96 0.0072
QMJ +IA

6 MktRf + SMB + HML + RMW + CMA + UMD + 319960 49.10 0.0071
BAB + QM]J + PCEDG

7 MktRf + SMB + HML + RMW + CMA + UMD + 319906 49.10 0.0071
BAB + QM] + HKMcapital

8 MktRf + SMB + HML + RMW + CMA + UMD + 319895 49.56 0.0071
BAB + QM] + IA

9 MktRf + SMB + HML + RMW + CMA + UMD + 319875 50.13 0.0070
BAB + QM]J + PCEND

10 MktRf + SMB + HML + RMW + CMA + UMD + 319868 49.30 0.0071
BAB + QM]J + LTY
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Figure IA.2: Posterior Cross-sectional Beta in the Top-1 model
This figure shows the posterior beta for each factor in the rank 1 model in Table 6 along with its 95%
credible interval, represented by the grey shaded area. Beta is cross-sectionally sorted in ascending
order. The number of betas for each factor that is not significantly different from 0 is in parentheses.
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Table IA.8: Out-of-Sample Model Performance: FF25

Panel A reports annualized Sharpe Ratios (SR) and maximum drawdown (MDD) for tangency portfo-
lios derived from seven-factor models, using out-of-sample (OOS) observations. Portfolio weights are
estimated via Bayes and WLS methods. Weights are computed once using in-sample (INS) data (first
half) and applied to OOS returns. The mean and covariance are taken from the subset of the full test
assets estimation, but only apply to FF25 size-value portfolios. Panel B summarizes results for equal-
weighted and mean-variance efficient portfolios.

Panel A : Model-implied

BayesSR WLSSR Bayes MDD WLS MDD

Rank 1 0.804 0.697 0.374 0.404
Rank 2 0.824 0.627 0.368 0.434
Rank 3 0.731 0.690 0.477 0.430
CAPM 0.559 0.557 0.473 0.474
FF3 0.454 0.369 0.548 0.571
FF5 0.779 0.759 0.357 0.338
ALL 0.753 0.623 0.361 0.382

Panel B: EW and MVE

EWSR MVESR EWMDD MVE MDD
0.492 0.507 0.490 0.493

Table IA.9: Out-of-Sample Model Performance: IND17

Panel A reports annualized Sharpe Ratios (SR) and maximum drawdown (MDD) for tangency portfo-
lios derived from seven-factor models, using out-of-sample (OOS) observations. Portfolio weights are
estimated via Bayes and WLS methods. Weights are computed once using in-sample (INS) data (first
half) and applied to OOS returns. The mean and covariance are taken from the subset of the full test as-
sets estimation, but only apply to 17 Industry portfolios. Panel B summarizes results for equal-weighted
and mean-variance efficient portfolios.

Panel A : Model-implied

BayesSR WLSSR Bayes MDD WLS MDD

Rank 1 0.659 0.464 0.224 0.442
Rank 2 0.647 0.503 0.231 0.434
Rank 3 0.336 0.358 0.347 0.494
CAPM 0.591 0.593 0.492 0.489
FF3 0.470 0.398 0.529 0.605
FF5 0.536 0.463 0.394 0.434
ALL 0.787 0.536 0.224 0.389
Panel B: EW and MVE
EWSR MVESR EWMDD MVE MDD
0.583 0.621 0.501 0.461
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IA.V Model Specification with Zero-Beta Rate

This section proposes the model specification with a zero beta rate under the gen-
eral setup. The return model in equation 5 is augmented with a zero beta rate \,
r, =1+ BYTANT + BT 1+ BNT(FNT — u™7T) + e, (IA.1)
and factors
fi=pn+u (IA.2)
The posterior distribution for the parameters of the model, given data from ¢ =
1,...,T, is proportional to the product of the likelihood and the prior. The return
model likelihood is .
p(rt | )\07 ft*; BT, BNT,ANT, Ze) — HN(Tt | 1AO+Bng+BNTANT+BNT( tNT_“NT); Ze);

t=1
where ¥, = diag(c?,...,02), and the factor model likelihood is

T
p(f7 1w 20) = [ [N | 1 20).
The posterior distribution is proportional ttg %che product of the two likelihoods and the
prior on the parameters:
p(xo, BT, BN AN . 3., 32,).

We sample the resulting posterior distribution using MCMC methods. In this
sampling, we consider the conditional distributions of blocks of parameters condi-
tioned on the remaining parameters and sample these conditional distributions in se-
quence to produce a Markov chain whose invariant distribution is the posterior distri-
bution (Chib, 2001). The conditional distributions of these different blocks of param-
eters are derived from the following formulations of the joint model. For updating B
and X, we write the joint model as

T, = 1/\0—|-Bft—|—et

where
fr

NT + )\NT

ft: NT
t T H

from which the conditional posterior distributions of B and X. can be derived by

Bayesian results for multivariate regression models. The updating of 33, arises easily
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AT we rewrite the full model now as

from the factor model. For updating
i — 1) — Bfy + BNTpNT = BNTANT ¢,
For updating )\, we rewrite the full model as
vy — Bf,+ BNTuNT — BNTANT — 1)\, + ¢,
Finally, for updating u we write the joint model as
r— 1M — BYTANT — Bf, — —BVTuNT L e,
and
Ji=p+tu
and then derive the conditional posterior of i in two steps, first with the return model
likelihood and then with the factor model likelihood. The resulting MCMC algorithm
is similar to previous cases, except that there is an additional block for sampling A
from
Ao ~ N (fing, 3%,
where, on letting R = R — FB — 1'ANT'BNT,

fixe = 03, (VS R+ Tlon, 002 ), Orl = ogy, + 15711
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